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Getting Started

SKILLS AND CONCEPTS You Need

Study ‘ Aid 1. Simplify each expression. . 3
— — (42 — T (42—
For help, see the Essential Skills ) 3ty =5y ° 2 "+ 1) 2 (x D
Appendix. b) (4x — y)(4x + y) d) 4x(x +2) — 2x(x — 4)
Question | Appendix 2. Evaluate each expression in question 1 whenx = 3 and y = —5.
1 A-8 3. Solve each linear equation.
5 3
2 A7 _g= > 3 _ _
a) Sx 7 c) 6)/ 4y 3
4 A5 x—2 2+ 1
6 A12 4. Graph each linear relation.
7 A-14 a) y=2x—3 b) 3x+4}/212
8 A-9, A-10 5. Graph each circle.
- a) X+ =9 b) 3% + 3P =12
6. Graph each parabola, labelling the vertex and the axis of symmetry.
a) y=x —06  y=—3(x+4)+2
b) y=(x—2)"—1 d y=—x + 6x

7. For each quadratic relation, list the transformations you need to apply to
y = x” to graph the relation. Then sketch the graph.

a) y=x—2 ) y=%(x—l)2—4
b) y=—4+3 d y=—-2(x+3)+5

8. Solve each quadratic equation.
a) X’ —5x+6=0 b) 3x*—5=70

9. Compare the properties of linear relations, circles, and quadratic relations.
Begin by completing a table like the one shown. Then list similarities and
differences among the three types of relations.

Property Linear Relations | Circles | Quadratic Relations

Equation(s)

Shape of graph

Number of quadrants
graph enters

Descriptive features
of graph

Types of problems
modelled by the
relation

2 Chapter 1 NEL



Getting Started

APPLYING What You Know

Fencing a Cornfield YOU WILL NEED
e graph paper

Rebecca has 600 m of fencing for her cornfield. The creek that goes through her
farmland will form one side of the rectangular boundary. Rebecca considers
different widths to maximize the area enclosed.

@ How are the length and area of the field related to its width?
A.  What are the minimum and maximum values of the width of the field?

B. What equations describe each?
i) the relationship between the length and width of the field
ii) the relationship between the area and width of the field

C. Copy and complete this table of values for widths that go from the least to
the greatest possible values in intervals of 50 m.

Width (m) | Length (m) | Area (m?)

D. Graph the data you wrote in the first two columns. Use width as the
independent variable. Describe the graph. What type of relationship is this?

E. Now graph the data you wrote in the first and third columns. Use width as
the independent variable again. Describe the graph. What type of
relationship is this?

F.  How could you have used the table of values to determine the types of
relationships you reported in parts D and E?

G. How could you have used the equations from part B to determine the types
of relationships you reported in parts D and E?

NEL Introduction to Functions 3



Relations and Functions

YOU WILL NEED
e graphing calculator or - - - - -
Recognize functions in various representations.

graph paper

INVESTIGATE the Math

Ang recorded the heights and shoe sizes of students in his class.

Shoe Size | Height (cm) Shoe Size | Height (cm)
10 158 8 156
11.5 175 7.5 161
10 173 12 179

9 164 11 178
9 167 10.5 173
10 170 8.5 177
11 172 8 165
8 160 12 182
8 174 13 177
11 175 13 192
8 166 7.5 157
7.5 153 8.5 163
10 171 12 183
11 181 10 168
11 171 11 180
10 170

@ Can you predict a person’s height from his or her shoe size?

A. Dlot the data, using shoe size as the independent variable. Describe the
relationship shown in the scatter plot.

B. Use your plot to predict the height of a person with each shoe size.

i 8 i) 10 iii) 13
Tech | Support C.  Use your plot to predict what shoe size corresponds to each height.
i) 153 cm i) 173 cm iii) 177 cm

For help drawing a line

of best fit on a graphing D. Draw aline of good fit on your plot. Write the equation of your line, and
calculator, see Technical

Appendix. B-11. use it to determine the heights corresponding to the shoe sizes in part B. How

are your results different from those in part B?

4 Chapter 1 NEL



E. Describe the domain and range of the relationship between shoe size and
height in Ang’s class.

F.  Explain why the relation plotted in part A is not a function.

G. Is the relation drawn in part D a function? Explain.

H. Which of the relations in parts A and D could be used to predict a single
height for a given shoe size? Explain.

Reflecting

. How did the numbers in the table of values show that the relation was not
a function?

J.  How did the graph of the linear function you drew in part D differ from the
graph of the relation you plotted in part A?

K. Explain why it is easier to use the linear function than the scatter plot of the

actual data to predict height.

APPLY the Math

EXAMPLE 1 Representing functions in different ways

The ages and soccer practice days of four students are listed.

Student | Age | Soccer Practice Day

Craig 15 | Tuesday
Magda 16 | Tuesday
Stefani 15 | Thursday
Amit 17 Saturday

For each of the given relations, state the domain and range and then

determine whether or not the relations are functions.

a) students and the day for soccer practice

b) ages and the day for soccer practice

Jenny’s Solution: Using Set Notation

a)

NEL

{(Craig, Tuesday),
(Magda, Tuesday),
(Stefani, Thursday),
(Amit, Saturday)} —=

Domain = {Craig, Magda, Stefanie, Amit}

—

Range = {Tuesday, Thursday, Saturday}

11

domain

the set of all values of the
independent variable of a
relation

range

the set of all values of the
dependent variable of a relation

relation

a set of ordered pairs; values of
the independent variable are
paired with values of the
dependent variable

function

a relation where each value of
the independent variable
corresponds with only one value
of the dependent variable

Communication | Tip

Use braces to list the values, or
elements, in a set.

For example, the set of the
first five even numbers is
{2,4,6,8, 10}

| wrote the relation as a set of ordered pairs, (student’s
name, day for practice). | wrote the domain by listing the
students’ names—the independent variable, or first
elements, in each ordered pair.

| listed the day for practice—the dependent variable, or
second elements—to write the range.

Introduction to Functions 5



Each element of the domain corresponds with only
one element in the range, so the relation between
students and their soccer practice day is a function.
The first elements appear only once in the list of
ordered pairs. No name is repeated.

b) {(15, Tuesday), (16, Tuesday),

Each student has only one practice day, so the relation is
a function. In this case, if | know the student’s name, |
can predict his or her practice day.

(I noticed that one 15-year-old practiced on Tuesday, but

another practiced on Thursday, so | can’t predict a

(15, Thursday), (17, Saturday)} <
Domain = {15, 16, 17}
Range = {Tuesday, Thursday, Saturday}

15 in the domain corresponds with two different days
in the range, so this relation is not a function.

Olivier’s Solution: Using a Mapping Diagram

Lpractice day just by knowing the age. This is not a

function.

/I drew a diagram of the relation between students and
soccer practice days by listing the student names in an
oval and the days in another oval. Then I drew arrows to
match the students with their practice days. The diagram

is called a mapping diagram, since it maps the elements
\of the domain onto the elements of the range.

p
The elements in the left oval are the values of the

independent variable and make up the domain. The

elements in the right oval are the values of the dependent

variable and make up the range. | wrote the domain and

\range by listing what was in each oval.

The relation is a function because each student name has
only one arrow leaving it.

a)  Student Practice day
Craig
Magda <
Stefani
Amit
Domain = {Craig, Magda, Stefanie, Amit}
Range = {Tuesday, Thursday, Saturday} <———
Each element of the domain has only one
corresponding element in the range, so the relation <——
is a function.
b) Age Practice day <

| drew another mapping diagram for the age and
practice day relation. | matched the ages to the

i

Domain = {15, 16, 17}

Range = {Tuesday, Thursday, Saturday}

The value 15 of the independent variable, age, maps
to two different values of the dependent variable, days.
This relation is not a function.

6 Chapter 1

practice days.

Two arrows go from 15 to two different days. This cannot
be a function. An element of the domain can’t map to
two elements in the range.

NEL



Selecting a strategy to recognize functions

b) y

EXAMPLE 2
in graphs
Determine which of the following graphs are functions.
a) & y

Ken’s Solution

a) y

At least one vertical line drawn on
the graph intersects the graph at
two points. This is not the graph of
a function.

b)

Any vertical line drawn on the
graph intersects the graph at only
one point. This is the graph of a
function.

NEL

/I used the vertical-line test to see how
many points on the graph there were
for each value of x.

An easy way to do this was to use a
ruler to represent a vertical line and
move it across the graph.

The ruler crossed the graph in two
places everywhere except at the
leftmost and rightmost ends of the
circle. This showed that there are
x-values in the domain of this relation
that correspond to two y-values in the

\ range.

e
| used the vertical-line test again.

Wherever | placed my ruler, the vertical
line intersected the graph in only one

place. This showed that each x-value in
the domain corresponds with only one

-value in th :
\yvauelnterange

vertical-line test

11

if any vertical line intersects the

graph of a relation more than

once, then the relation is not a

function

Introduction to Functions



EXAMPLE 3

Determine which equations represent functions.

a) y=2x—5 b) x> +y>=9

Using reasoning to recognize a function from an equation

o y=2x"—3x+1

Keith's Solution: Using the Graph Defined by its Equation

a) This equation defines the graph of a linear function
with a positive slope. Its graph is a straight line that <——
increases from left to right.

y = 2x — 5 is a function.
b) This equation defines the graph of a circle centred at
(0, 0) with a radius of 3.

FlbL FlabE F1b5
SYAETCR—HED
“NER - C3—Kal

x> 4+ y* = 9 is not a function.
<)

This equation defines the graph of a parabola <~—————
that opens upward.

A

y = 2x* — 3x + 1isa function.

8 Chapter 1

~
I used my graphing calculator and entered
y = 2x — 5.1 graphed the function and checked it
with the vertical-line test.

This graph passes the vertical-line test, showing that
for each x-value in the domain there is only one
ky-value in the range. This is the graph of a function.

rI used my graphing calculator and entered the upper
half of the circle in Y1 and the lower half in Y2. Then
| applied the vertical-line test to check.

This graph fails the vertical-line test, showing that
there are x-values in the domain of this relation that
correspond to two y-values in the range. This is not

Kthe graph of a function.

g
I used my graphing calculator to enter

y = 2x? — 3x + 1 and applied the vertical-line

test to check.
—

g
This graph passes the vertical-line test, showing that

for each x-value in the domain there is only one
y-value in the range. This is the graph of a function.
—

NEL
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Mayda’s Solution: Substituting Values
—~
a) For any value of x, the equation y = 2x — 5 <———— | substituted numbers for x in the equation.

produces only one value of y. For example, No matter what number | substituted for x, | got only one

y=2(1) —5=-3 answer for y when | doubled the number for x and then
btracted 5.
This equation defines a function. (Subtrace
b) Substitute 0 for x in the equation -

I substituted O for x in the equation and solved for y.
I used 0 because it's an easy value to calculate with.
(0)*+y*=9 | got two values for y with x = 0.

x> +y7=9. <

y=3o0or —3
There are two values for y when x = 0, so the equation

defines a relation, but not a function.
No matter what number | choose for x, | get only one

©) Every value of x gives only one value of y in the number for y that satisfies the equation.
equation y = 2x* — 3x + 1.
This equation represents a function.

In Summary

Key Ideas y

]

e A function is a relation in which each value of the independent variable corresponds |
with only one value of the dependent variable. i

e Functions can be represented in various ways: in words, a table of values, :
a set of ordered pairs, a mapping diagram, a graph, or an equation. \ i

|

]

1

Need To Know \

1

* The domain of a relation or function is the set of all values of the independent i :\
variable. This is usually represented by the x-values on a coordinate grid. :

e The range of a relation or function is the set of all values of the dependent A relation that is a function
variable. This is usually represented by the y-values on a coordinate grid.

¢ You can use the vertical-line test to check whether a graph represents a i yi
function. A graph represents a function if every vertical line intersects the \ {
graph in at most one point. This shows that there is only one element in the !
range for each element of the domain. 4

¢ You can recognize whether a relation is a function from its equation. If you can find LI i T
even one value of x that gives more than one value of y when you substitute x into /:/
the equation, the relation is not a function. Linear relations, which have the general /:
forms y = mx + b or Ax + By = C and whose graphs are straight lines, are all ]
functions. Vertical lines are not functions but horizontal lines are. Quadratic relations,
which have the general forms y = ax?> + bx + cory = a(x — h)? + k and whose
graphs are parabolas, are also functions.

X

A relation that is not a function

NEL Introduction to Functions 9



10

CHECK Your Understanding

1. State which relations are functions. Explain.

a) {(=51),(-32),(-1,3), (1,2)}
b)

—

/]

3

9 {(0,4),(3,5), (5 =2), (0, 1)}
d)

=5

2. Use a ruler and the vertical-line test to determine which graphs are functions.

a) 1y d
4_
o o o )

& X X
IDEEROBERDE 2 4
—24 o . d
—4 — 4
b) Yy €) T~y

/ 44

_4_ —_
<) Yy f) T~y
4 4-
a 2
T X T X
BTSSP BERNZEEDE
2 -
_4_ _4_

3. Substitute — 6 for x in each equation and solve for y. Use your results to
explain why y = x> — Sx s a function but x = y* — 5y is not.

Chapter 1 NEL



PRACTISING

4. The grades and numbers of credits for students are listed.

NEL

Student Grade | Number of Credits
Barbara 10 8
Pierre 12 25
Kateri "1 15
Mandeep 11 18
Elly 10 16

a) Write a list of ordered pairs and create a mapping diagram for the
relation between
* students and grades
¢ grades and numbers of credits
e students and numbers of credits
b) State the domain and range of each relation in part (a).
¢) Which relations in part (a) are functions? Explain.

Graph the relations in question 4. Then use the vertical-line test to confirm
your answers to part (c).

Describe the graphs of the relations y = 3 and x = 3. Are these relations
functions? Explain.

Identify each type of relation and predict whether it is a function. Then graph
each function and use the vertical-line test to determine whether your
prediction was correct.

3
a) y=5—2x © yZ—Z(x—i-S)z-i-l
b)y=2x2—3 d) x2+y2=25
. a) Substitute x = 0 into each equation and solve for y. Repeat for x = —2.
) 3x+4y=5 i) x* +y=2
ii)x2+y2=4 iv)x+y2=0

b) Which relations in part (a) appear to be functions?
¢ How could you verify your answer to part (b)?

. Determine which relations are functions.

a) y=Vx+2 c) 3x2—4)/2=12
b) y=2—x d y=-3(x+2)—4

. Use numeric and graphical representations to investigate whether the relation

x — y* = 2 is a function. Explain your reasoning,

Determine which of the following relations are functions.

a) The relation between earnings and sales if Olwen earns $400 per week
plus 5% commission on sales

b) The relation between distance and time if Bran walks at 5 km/h

©) The relation between students’ ages and the number of credits earned

Introduction to Functions
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12. The cost of renting a car depends on the daily rental charge and the number
of kilometres driven. A graph of cost versus the distance driven over a
one-day period is shown.

Cost versus Distance Driven

120
100
80
60

Cost (9)

40+

20+
X

T
500

O T T T T
200 300 400

Distance (km)

T
100

a) What are the domain and range of this relation?
b) Explain why the domain and range have a lower limit.
o) Is the relation a function? Explain.

13. a) Sketch a graph of a function that has the set of integers as its domain and
all integers less than 5 as its range.
b) Sketch a graph of a relation that is not a function and that has the set of
real numbers less than or equal to 10 as its domain and all real numbers
greater than — 5 as its range.

14. Use a chart like the following to summarize what you have learned about
functions.

Definition: Characteristics:

Examples: \\_/ Non-examples:

Extending

15. A freight delivery company charges $4/kg for any order less than 100 kg and
$3.50/kg for any order of at least 100 kg.
a) Why must this relation be a function?
b) What is the domain of this function? What is its range?
o) Graph the function.
d) What suggestions can you offer to the company for a better pricing
structure? Support your answer.

12 Chapter 1 NEL



Curves of Pursuit

A fox sees a rabbit sitting in the middle of a field and begins to run toward the
rabbit. The rabbit sees the fox and runs in a straight line to its burrow. The fox
continuously adjusts its direction so that it is always running directly toward the

rabbit.

Burrow
e
=
©
o
”V)
i
%
) _F_E_—sFox
B
A
Rabbit

If the fox and rabbit are running at the same speed, the fox reaches point £ when
the rabbit reaches point A. The fox then changes direction to run along line EA.
When the fox reaches point F, the rabbit is at B, so the fox begins to run along
FB, and so on. The resulting curve is called a curve of pursuit.

1. If the original position of the rabbit represents the origin and the rabbit’s
path is along the positive y-axis, is the fox’s path the graph of a function?
Explain.

2. a) Investigate what happens by drawing a curve of pursuit if
i) the burrow is farther away from the rabbit than it is in the first
example

ii) the burrow is closer to the rabbit than it is in the first example

b) Where does the fox finish in each case? How does the location of the
burrow relative to the rabbit affect the fox’s path?

c) Will the path of the fox always be a function, regardless of where the
rabbit is relative to its burrow? Explain.

3. a) Draw a curve of pursuit in which
i) the rabbit runs faster than the fox
ii) the fox runs faster than the rabbit
b) Are these relations also functions? How do they differ from the one in
question 1?

NEL

Introduction to Functions
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1.2

YOU WILL NEED
e graphing calculator

function notation

notation, such as f(x), used to
represent the value of the
dependent variable—the
output—for a given value of the
independent variable, x—the
input

Communication | Tip

The notations y and f(x) are
interchangeable in the
equation or graph of a
function, so y is equal to f(x).
The notation f(x) is read “f at
x" or “f of x.” The symbols
fix), g(x), and h(x) are often
used to name the outputs of
functions, but other letters are
also used, such as W) for
velocity as a function of time.

14 Chapter 1

Function Notation

Use function notation to represent linear and quadratic functions.

LEARN ABOUT the Math

The deepest mine in the world, East Rand mine in South Africa,
reaches 3585 m into Earth’s crust. Another South African mine,
Western Deep, is being deepened to 4100 m. Suppose the
temperature at the top of the mine shaft is 11 °C and that it
increases at a rate of 0.015 °C/m as you descend.

© What is the temperature at the bottom of each mine?

EXAMPLE 1

Representing a situation with a function

and using it to solve a problem

a) Represent the temperature in a mine shaft with a function. Explain why

your representation is a function, and write it in function notation.

b) Use your function to determine the temperature at the bottom of East Rand

and Western Deep mines.

Lucy’s Solution: Using an Equation

a) An equation for temperature is <——

T =11 + 0.0154, where T
represents the temperature in
degrees Celsius at a depth of & metres.

The equation represents a function.

p
| wrote a linear equation for the

problem.

| used the fact that T starts at 11 °C
and increases at a steady rate of
\0.01 5°C/m.

_
Since this equation represents a linear

Temperature is a function of <———— relationship between temperature and

depth.

depth, it is a function.

—

In function notation, < | ' wrote the equation again. T(d) makes

7(d) = 11 + 0.0154.

it clearer that T is a function of d.

—

&l

NEL



—
b) 7(3585) = 11 + 0.015(3585) < | found the temperaturg at the
bottom of East Rand mine by
=11 + 53.775 calculating the temperature at a
= 64.775 depth of 3585 m. | substituted
\3585 for d in the equation.
T(4100) =11+ 0'015(4100) < fFor the new mine, | wanted the

=11+ 61.5 temperature when d = 4100, so
- 725 g calculated T(4100).

The temperatures at the bottom of East
Rand mine and Western Deep mine are
about 65 °C and 73 °C, respectively.

Stuart’s Solution: Using a Graph

a) T(d) =11 + 0.0154 <

This is a function because it is a
linear relationship.

/I wrote an equation to show
how the temperature changes
as you go down the mine.

| knew that the relationship was
linear because the temperature
increases at a steady rate. | used
d for depth and called the
kfunction T(d) for temperature.

.
I made a table of values for the
function.

| substituted the d-values into
the function equation to get

b [ m) T(d)C)
0| T(0) = 11 + 0.015(0) = 11
1000 26 ]
2000 41
3000 56
4000 71

NEL

kthe T(d)-values.

Introduction to Functions
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Temperature of a Mine /| plotted the points (0, 11),
Y (1000, 26), (2000, 41),
(3000, 56), and (4000, 71).
Then | joined them with a
straight line.

Approx.72.5

Approx. 64.5

East Rand mine is 3585 m
deep. The temperature at the
< bottom is T(3585).

Temperature, T(d), (°C)
ol
<

40+ i | interpolated to read T(3585)
30 : from the graph. It was
| approximately 65.
20 | o
: The other mine is 4100 m
10 3585 | 14100 deep.
1 X
T T T T T By extrapolating, | found that
O 1000 3000 5000 ) apoeng

T(4100 bout 73.
Depth, d, (m) \ T( ) was abou

The temperature at the bottom of East
Rand mine is about 65 °C. The
temperature at the bottom of Western
Deep mine is about 73 °C.

Tech | Support
For help using a graphing
calculator to graph and evaluate

functions, see Technical a) Let 7(d) represent the < ("} used function notation to
Appendix, B-2 and B-3. Lwrite the equation.

Eli's Solution: Using a Graphing Calculator

temperature in degrees Celsius
at a depth of 4 metres.

T(d) = 11 + 0.0154

Temperature increases at a steady
rate, so it is a function of depth.

b) (| -
I graphed the function by

entering Y1 = 11 + 0.015X
into the equation editor.

| used WINDOW settings of
0 = X = 5000, Xscl 200, and
\0 =Y =100, Yscl 10.

16 Chapter 1 NEL



| used the value operation to
find the temperature at the
bottom of East Rand mine.
This told me that

T(3585) = 64.775.

'|;I1=11+III.IZI:I.5H

<
WEZEAE e LV=ENTPE

__ [ T
Wi=idein0dER ,
! e Then | used the value operation

again to find the temperature
at the bottom of the other
mine. | found that

x
wEHLOD L YEPEE T(4100) = 72.5.
| ( )

As a check, I called up the
function on my calculator
home screen, using VARS and
function notation to display
both answers.

The temperature at the bottom of
the East Rand mine is about

65 °C. The temperature at the
bottom of Western Deep mine is
about 73 °C.

Reflecting

A. How did Lucy, Stuart, and Eli know that the relationship between
temperature and depth is a function?

B. How did Lucy use the function equation to determine the two temperatures?

C.  What does 7(3585) mean? How did Stuart use the graph to determine the
value of 7(3585)?

NEL Introduction to Functions
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APPLY the Math

EXAMPLE 2 Representing a situation with a function model

A family played a game to decide who got to eat the last piece of pizza. Each
person had to think of a number, double it, and subtract the result from 12.
Finally, they each multiplied the resulting difference by the number they first
thought of. The person with the highest final number won the pizza slice.

a) Use function notation to express the final answer in terms of - :
the original number. m
b) The original numbers chosen by the family members are Rhea | —2
shown. Who won the pizza slice? Sara 7
¢) What would be the best number to choose? Why? Andy | 10
Barbara’s Solution
a) x input
Double the number
2x I used a flow chart to show what
happens to the original number in the
Subtract from 12 game.
(12 — 2x) | chose x to be the original number, or
input.
Multiply by the original
number
x(12 — 2x)
output
flx) = x(12 — 2x) The expression for the final answer is
5 quadratic, so the final result must be
= 12x — 2x

a function of the original number.

| chose f(x) as the name for the final
answer, or output.

18 Chapter 1 NEL



b)

NEL

| found the values of f(5),
f(=2), f(7), and f(10) to see
who had the highest answer.

Tim's answer was 10.

Rhea: f(—2) = 12(=2) — 2(—-2)* {Rhea’s answer was —32.

Sara: f(7) = 12(7) — 2(7)* <—[Sara’s answer was — 14.

Tim: f£(5) = 12(5) — 2(5)?
=60 — 2(25)
=60 — 50
=10
= —24 — 2(4)
=—24—38
= —32
= 84 — 2(49)
=84 —98=—14

Andy: f(10)

120 — 2(100)
=120 — 200 = —80

12(10) — 2(10)? 4—[Andy’s answer was —80.

Tim won the pizza slice. <—[Tim’s answer was the highest.

fx) = 12x — 2x% <

-

| recognized that the equation

was quadratic and that its graph
would be a parabola that opened
down, since the coefficient of x?
was negative.

This meant that this quadratic
function had a maximum value
Ka’[ its vertex.

rI put the equation back in

flx) = —2x(x — 6) =
The x-intercepts are x = 0 and x = 6.
Vertex: x = (0 + 6) ~2

x=13

The best number to choose is 3.

factored form by dividing out the
common factor, —2x.

| remembered that the
x-coordinate of the vertex is
halfway between the two

X-intercepts.
\ p

ﬂ checked my answer by

Haxirur
REZ 000000

Lgraphing.

Introduction to Functions
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EXAMPLE 3

Connecting function notation to a graph

For the function shown in the graph, determine y

each value. 2: /
a) ¢(3) 1y =slx)

b) g(—1) /’: X

o xifg(x) =1
d) the domain and range of g(x)

Ernesto’s Solution

a) y

|

Ol

L]

N
ST
-h:

Whenx =3,y =2, <———

g(3) =2 —

b) Whenx = -1,y =0. <=————
g(=1)=0

o g(x) =1whenx=0 <—

d) The graph begins at the point
(=1, 0) and continues upward.

The graph exists only forx = —1 ——
and y = 0.

The domain is all real numbers
greater than or equal to —1.

KI looked at the graph to find the
y-coordinate when x = 3.

| drew a line up to the graph from the
x-axis at x = 3 and then a line across
from that point of intersection to the
-axis.
| y-axi
The y-value was 2, so, in function
notation, g(3) = 2.

I saw that y = O when x = —1, so
| saw that the graph crosses the y-axis

—

q saw that there was no graph to the
left of the point (=1, 0) or below
that point.

So the only possible x-values are
x = —1, and the only possible

The range is all real numbers
greater than or equal to 0.

-val = 0.
kyvauesarey 0

—1is the x-intercept and g(—1) = 0.

aty = 1. The x-value is 0 at this point.

NEL



EXAMPLE 4 Using algebraic expressions in functions

Consider the functions f(x) = x* — 3xand g(x) = 1 — 2x.
a) Show that f(2) > ¢(2), and explain what that means about their graphs.

b) Determine g(36).

o) Determine f(¢ + 2) — g(c + 2).

Jamilla’s Solution

a) f(x) = x> — 3x <
f(2) = (2)* = 3(2)
=4-6

r| substituted 2 for x in both
functions.

=1-4

—2> —3,50f(2) > ¢(2)

That means that the point on the graph of f(x) is above the point on

the graph of g(x) when x = 2.

b) ¢(36) =1 — 2(3b)
=1- 066
o flct+2)—glc+2)

NEL

(I substituted 3b for x.

-«
-

LI simplified the equation.

[(c+2)?=3(c+2)]—[1—2(c+2)]
[(* 4+ 4c+ 4 —3c—6)] —[1 — 2c— 4] | substituted ¢ + 2 for x in both
[+ c—2]—[~3 — 2] functions.

Pt e—243+ 2 Iuseq square brackets .to keep the
functions separate until | had

4+ 3c+ 1 simplified each one.

Introduction to Functions 21
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In Summary

Key Idea

a function, so y = f(x).

e Symbols such as f(x) are called function notation, which is used to represent
the value of the dependent variable y for a given value of the independent
variable x. For this reason, y and f(x) are interchangeable in the equation of

Need to Know

e f(x)isread “fatx” or “fof x.”

e f(a) represents the value or output of
the function when the input is x = a.
The output depends on the equation of
the function. To evaluate f(a), substitute
a for x in the equation for f(x).

e f(a) is the y-coordinate of the point on
the graph of f with x-coordinate a. For
example, if f(x) takes the value 3 at
x = 2, then f(2) = 3 and the point
(2, 3) lies on the graph of f.

input
a=2

OO e
S

|:| | +

fla) = f(2)
- f(x) output

CHECK Your Understanding

1. Evaluate, where f(x) = 2 — 3x.

a3 f(2) o f(—4) o f(a)
1
b f(0) o 1(3) b £
2. The graphs of y = f(x) and y = g(x) are shown.
Ty 1y
4- 4-
bl 1 i
T X X
|_4| |_2| |0_ T i : # T |_i |0_ T i T 4|. T
—2- —2
BRI RS ]\ e
Using the graphs, evaluate
a) f(1) o f(4) —g(=2)
b) ¢(—2) d) xwhen f(x) = —3

Chapter 1
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3. Milk is leaking from a carton at a rate of 3 mL/min. There is 1.2 L of milk in
the carton at 11:00 a.m.
a) Use function notation to write an equation for this situation.
b) How much will be left in the carton at 1:00 p.m.?
c¢) At what time will 450 mL of milk be left in the carton?

PRACTISING

4. Evaluate f(—1), f(3), and f(1.5) for
a) flx) =(x—2)"=1 b) flx) =2+ 3x — 4x?

1
5. For f(x) = P determine
x

D f(=3) B A0 9 A1) - f3) d)f@ﬂ”@

6. The graph of y = f(x) is shown at the right. . y =flx)
a) State the domain and range of /2
b) Evaluate. 4 .

6 i) £(5— 3) L]
i) f(5) iv) f(5) — f(3) . *x

7. For h(x) = 2x — 5, determine 420 T4 6"
a) h(a) o h(3c—1) —24
b) A(b+ 1) &) h(2 - 5x)

8. Consider the function g(#) = 3¢ + 5.
a) Create a table of values and graph the function.
b) Determine each value.

i) ¢(0) iv) g(2) — g(1)
i) ¢(3) v) ¢(1001) — ¢(1000)
i) g(1) — ¢(0) vi) g(a + 1) — g(a)

9. Consider the function f(s) = s* — 6s + 9.
a) Create a table of values for the function.
b) Determine each value.
b A0) ) £3)
i) f(1) v) [A(2) = AD] = [f(1) = f(0)]
i) f(2) vi) [£(3) = A(2)] = [A2) — f(1)]

o) In part (b), what do you notice about the answers to parts (v) and (vi)? Y.

Explain why this happens. 8]

= —3)2_7 4

10. The graph at the right shows f(x) = 2(x — 3)* — 1. y=2x3) 14_
@ 2) Evaluate f(—2). 1 X

b) What does f{ —2) represent on the graPh of /2 T840 ¥ g

o) State the domain and range of the relation. —4-

d) How do you know that fis a function from its graph? —8:

11. For g(x) = 4 — 5x, determine the input for x when the output of g(x) is J

a) —6 b) 2 0 d)g

NEL Introduction to Functions 23



12. A company rents cars for $50 per day plus $0.15/km.
a) Express the daily rental cost as a function of the number of kilometres
travelled.
b) Determine the rental cost if you drive 472 km in one day.
c) Determine how far you can drive in a day for $80.

13. As a mental arithmetic exercise, a teacher asked her students to think of a
B number, triple it, and subtract the resulting number from 24. Finally, they were
asked to multiply the resulting difference by the number they first thought of.
a) Use function notation to express the final answer in terms of the original
number.
b) Determine the result of choosing numbers 3, — 5, and 10.
o) Determine the maximum result possible.

14. The second span of the Bluewater Bridge in Sarnia, Ontario, is supported by

two parabolic arches. Each arch is set in concrete foundations that are on
opposite sides of the St. Clair River. The arches are 281 m apart. The top of
each arch rises 71 m above the river. Write a function to model the arch.

15. a) Graph the function f(x) = 3(x — 1)* — 4.
b) What does f(—1) represent on the graph? Indicate on the graph how
you would find f(—1).
o) Use the equation to determine
) A2) - A1) ) 2f(3) —7 ) f(1 - x)
16. Let f(x) = x> + 2x — 15. Determine the values of x for which

a) f(x) =0 b) f(x) =-—12 o flx)=-16

17. Let f(x) = 3x + 1 and g(x) = 2 — x. Determine values for @ such that

a) fla) = g(a) b) f(a*) = ¢(2a)

18. Explain, with examples, what function notation is and how it relates to the
graph of a function. Include a discussion of the advantages of using function
notation.

Extending

19. The highest and lowest marks awarded on an examination were 285 and 75.
All the marks must be reduced so that the highest and lowest marks become
200 and 60.

a) Determine a linear function that will convert 285 to 200 and 75 to 60.
b) Use the function to determine the new marks that correspond to original

marks of 95, 175, 215, and 255.

20. A function f(x) has these properties:
* The domain of f'is the set of natural numbers.
C A1) =1
e flx+ 1) =flx) +3x(x+1) +1
a) Determine f(2), f(3), f(4), f(5), and f(6).

b) Describe the function.

24 Chapter 1 NEL



1 3 Exploring Properties
of Parent Functions

YOU WILL NEED

e graphing calculator or
graphing technology
e graph paper

Explore and compare the graphs and equations of five basic functions.

EXPLORE the Math

Communication | Tip

Vi always means the positive

square root of x.
As a child, you learned how to recognize different animal families.

In mathematics, every function can be classified as a member of a family. Each family

member of a family of functions is related to the simplest, or most basic, function a collection of functions (or lines
sharing the same characteristics. This function is called the parent function. Here are or curves) sharing common
some members of the linear and quadratic families. The parent functions are in green. characteristics

parent function

Linear Functions Quadratic Functions the simplest, or base, function in
a family

1y
>2< -
) I
RAVI X 7N
i \ ~4 32 9/ 3[4\
—4 :
I 1

Parent function: f(x) = x Parent function: f(x) = x?

Family members: f(x) = mx + b Family members: f(x) = a(x — h)? + k
Examples: f(x) = 3x + 2, Examples: f(x) = 5(x — 3)2 — 1,

f(x) = —3x =2 ) = —x2 + 3

Introduction to Functions 25



absolute value

written as Ixl; describes the
distance of x from 0; equals x
when x = 0 or —x when x < 0O;

Three more parent functions are the square root function f(x) = Vx, the

for example, 131 = 3 and

|-3l= —(-3) =3

distinguish them from each other?

A. Make a table like the one shown.

reciprocal function f(x) = > and the absolute value function f(x) = Ixl.

@ \What are the characteristics of these parent functions that

26 Chapter 1

Equation of | Name of Special Features/
Function Function Sketch of Graph Symmetry Domain | Range
f(x) = x linear function y e straight line that
i goes through
i the origin
- e slopeis 1
7 e divides the plane
T T 1 /T | exactly in half
i diagonally
. e graph only in
- quadrants 1
N and 3
f(x) = x* quadratic function y ¢ parabola that
] opens up
| e vertex at the
i origin
- e y has a minimum
| I T value
] e y-axis is axis of
i symmetry
. e graph only in
N guadrants 1
and 2
f(x) = Vx square root function
1
f(x) = X reciprocal function
f(x) = Il absolute value function
Tech [ Sup p ort B.  Use your graphing calculator to check the sketches shown for f(x) = x and
Use the following WINDOW f(x) = x?and add anything you think is missing from the descriptions.
settings to graph the functions: . . .
Explain how you know that these equations are both functions.
C.  Inyour table, record the domain and range of each of f(x) = xand f(x) = x*
D. Clear all equations from the equation editor. Graph the square root function,
F(x) = V. In your table, sketch the graph and describe its shape. Is it a
function? Explain. How is it different from the graphs of linear and quadratic
functions?
You can change to these
settings by pressing
ZOOM



E. Go to the table of values and scroll up and down the table. Does ERR: appear
in the Y column? Explain why this happens.

F.  Using the table of values and the graph, determine and record the domain
and range of the function.

1

G. Repeat parts D through F for the reciprocal function f(x) = < Use the table
of values to see what happens to y when x is close to 0 and when x is far from
0. Explain why the graph is in two parts with a break in the middle.

H. Where are the asymptotes of this graph?

I.  Repeat parts D through F for the absolute value function f(x) = Ixl. Which
of the other functions is the resulting graph most like? Explain. When you
have finished, make sure that your table contains enough information for you
to recognize each of the five parent functions.

Reflecting

J.  Explain how each of the following helped you determine the domain and range.
a) the table of values
b) the graph
¢) the function’s equation

K. Which graphs lie in the listed quadrants?

a) the first and second quadrants
b) the first and third quadrants
L. Which graph has asymptotes? Why?
M. You have used the slope and y-intercept to sketch lines, vertices, and

directions of opening to sketch parabolas. What characteristics of the new

parent functions f(x) = Vi, f(x) = e and f{x) = Ixl could you use to
sketch their graphs?

In Summary

NEL

Key Idea

e Certain basic functions, called parent functions, form the building blocks for

families of more complicated functions. Parent functions include, but are not
limited to, f(x) = x, f(x) = X%, f(x) = VX, f(x) = % and f(x) = Ixl.

(continued)

13

Tech | Support

For help with the TABLE
function of the graphing
calculator, see Technical
Appendix, B-6.

To graph f(x) = Ixl, press

Cvari ) () (1)

Gino)

asymptote

a line that the graph of a

relation or function gets closer
and closer to, but never meets,
on some portion of its domain

RN
IR B x
’W:*asym ptotes

Quadrants

1] v
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Need to Know

1
e Each of the parent functions f(x) = x, f(x) = X%, f(x) = Vx, f(x) = o and

f(x) = IxI has unique characteristics that define the shape of its graph.

Equation of Function | Name of Function | Sketch of Graph

f(x) = x linear function _4:)’ :
1 X

f(x) = x? quadratic function Y

f(x) = Vx square root
function
1 . .
f(x) = o reciprocal function Y
—4-23{ 24
—4
f(x) = Ixl absolute value _4:y
function 21
N X
—4—325 24

FURTHER Your Understanding

1
1. Sketch the graphs of f(x) = xand g(x) = - on the same axes. What do the

graphs have in common? What is different about the graphs? Write equations
of the asymptotes for the reciprocal function.

2. Sketch the graphs of f(x) = x”and g(x) = Ixl on the same axes. Describe
how these graphs are alike and how they are different.

3. Sketch the graph of f(x) = x” for values of x = 0. On the same axes, sketch
the graphs of g(x) = Vxand 4(x) = x. Describe how the three graphs are
related.

Chapter 1 NEL



1 4 Determining the Domain
and Range of a Function

YOU WILL NEED
e graph paper
e graphing calculator

Use tables, graphs, and equations to find domains and ranges
of functions.

LEARN ABOUT the Math

The CN Tower in Toronto has a lookout level that is 346 m
above the ground.

A gull landing on the guardrail causes a pebble to fall off the edge.

The speed of the pebble as it falls to the ground is a function
of how far it has fallen. The equation for this function is
v(d) = V2gd, where

* d is the distance, in metres, the pebble has fallen

* v(d) is the speed of the pebble, in metres per second (m/s)
* gis the acceleration due to gravity—about 9.8 metres per second squared (m/s?)

© How can you determine the domain and range of the
function v(d)?

EXAMPLE 1 Selecting a strategy to determine the domain
and range

Determine the domain and range of (), the pebble’s speed.
Sally’s Solution: Using a Graph

;-

The pebble falls a total distance of <——— The distance d is 0 m when the
346 m. So the domain is 0 = 4 = 346. pebble first falls off the edge and
346 m when the pebble lands on
the ground. So d can take only
values that lie in between 0 and
346. This gave me the domain for
Qhe function.

/I entered Y=V 19.6x into my
graphing calculator. | used

v(d) = V19.6d for 0 = d = 346 0 = X = 346, Xscl 20 and

0 =Y =100, Yscl 10 for

kWINDOW settings.

2 X 9.8 = 19.6, so the function is <——

&l
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real numbers

numbers that are either rational
or irrational; these include
positive and negative integers,
zero, fractions, and irrational
numbers such as V2 and

Communication | Tip

Set notation can be used to
describe domains and

ranges. For example,

{x € RI0 = x < 50} is read
“the set of all values x that
belong to the set of real
numbers, such that x is greater
than or equal to 0 and less
than 50.” The symbol “I"”
stands for “such that.”

30 Chapter 1

Range:

a EELE LN ]

~

L] [ L : et L El

v(346) = 82.4
So the range is 0 = v(d) = 82.4.

Domain = {d € R10 = h = 346} <——

Range = {v(d) € RI0 = v(d) = 82.4}

David’s Solution: Using the Funct

d = 0 when the pebble begins to fall, <—
and 4 = 346 when it lands.

So the domain is 0 = 4 = 346.

The pebble starts with speed 0 m/s. <——

/I saw that the graph started at the
origin.
The pebble starts with no velocity.

So 0 is the minimum value of the
range.

The graph showed me that as the
pebble’s distance increases, so does
its velocity. The pebble must be
travelling the fastest when it hits
the ground. This happens when
d = 346. The maximum value of
the range is v(346). | evaluated this
Kusing the value operation.
-
| used set notation to write the
domain and range. | defined them
s sets of real numbers.

ion Equation
fl found the domain by thinking
about all the values that d could
have. d is 0 m when the pebble first
falls off the edge and 346 m when
the pebble lands on the ground.

So d must take values between

\0 and 346.

The pebble fell off the edge, so the

2(0) =V19.6(0) = 0 <

speed was zero at the start.
N—

E used the equation as a check.

As the pebble falls, its speed increases. <—

| knew that the pebble would gain
speed until it hit the ground.
N—

—~
When the pebble lands, 4 = 346. <——— | used the function equation to find

»(346) = V'19.6(346)

= 82.4, to one decimal place

The domain is {4 € R10 = d = 346} <
and the range is

{v(d) ERI0 = v(d) = 82.4}.

how fast the pebble was falling
when it landed.

| used set notation to write the
domain and range.
N—

NEL



Reflecting

A.  Why did Sally need to think about the possible values for distance fallen
before she graphed the function?

B. What properties of the square root function helped David use the given
equation to find the domain and range?

APPLY the Math

EXAMPLE 2 Determining domain and range from graphs

For each relation, state the domain and range and whether the relation is a function.

a) Ny c) Ny
4 . 4
2 2
1 X /Z X
DRSS RERPE DRSS REAPE
o —2D- 2
— 4 4
b) y d
104
o—pt—e
T Oo—e X X
Do 9 3 =
_5_
_‘lo_

Melanie’s Solution

. e
a) Domain = {x € I| =3 = x = 3}, <—{ | noticed that the x-coordinates were
or {—3,-2,-1,0,1,2,3} all the integers from —3 to 3 and
Range = {y €11 -2 =y =4}, or T[he y—coofrdmate; We;e all the
{—=2,-1,0,1,2, 3,4} _integers from —2 to 4.

g
The graph passes the vertical-line

test.
-

The graph is that of a function. <—

NEL Introduction to Functions
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b) Domain = {x E RI -5 < x = 11}

An open circle on the graph shows
that the endpoint of the line is not
included in the graph. A closed circle
means that the endpoint is included.
So, x cannot be —5, but it can be 11.

Range = {2, 6} <

[There are only two y-values.

This is a function. —=

¢) Domain = {x € R} <

&

(The graph is a parabola with a

Range = {y ERIy = 3)}

This is a function. —

maximum value at the vertex, which
is the point (1, 3).

Therefore, x can be any real number,
but y cannot be greater than 3.

d) Domain = {x E RI-5 = x =5}
Range = {y ERI-5 =y =5}

This is not a function.

The graph is a circle with centre
(0, 0) and radius of 5. The graph
fails the vertical-line test. There are
many vertical lines that cross the
graph in two places

EXAMPLE 3 Determining domain and range from
the function equation

Determine the domain and range of each function.

a) flx) =2x—3 b) g(x) = —3(x+1)*+ 6 o hix) =V2—x

Jeff's Solution

[This is the equation of a straight

a) flx) =2x— 3 <
This is a linear function, so x and y can
be any value.

Domain = {x € R}
Range = {y € R}

b) g(x) = =3(x +1)*+6 ~———

line that goes on forever in both
directions.

x and f(x) can be any numbers.
| used y instead of f(x) to
&describe the range.

This is the equation of a parabola

This is a quadratic equation in vertex form. | that opens down, so y can never be

The function has a maximum value at
the vertex (—1, 6). x can be any value.

Domain = {x € R}
Range = {y ER |y = 6}

more than its value at the vertex.

Any value of x will work in the
\equation, S0 x can be any number.

he graph passes the vertical-line test.

[The graph passes the vertical-line test.

NEL



o h(x) = V2 —x <
2—x=0
2 —x=0aslongasx =2
Domain = {x € R | x = 2}

V2 — x means the positive square root,
so y is never negative.

Range = {y ER 1y =0}

EXAMPLE 4

You cannot take the square root
of a negative number, so 2 — x
must be positive or zero.

| thought about different possible
values of x. 2 is okay, since

2 — 2 =0, but4isnot, since

2 — 4is negative. | realized | had to
&use values less than or equal to 2.

Determining domain and range

of an area function

Vitaly and Sherry have 24 m of fencing to
enclose a rectangular garden at the back
of their house.
a) Express the area of the garden as a
function of its width.
b) Determine the domain and
range of the area function.

Jenny’s Solution

a) Let the width of the garden be x m.
Then the length is (24 — 2x) m.

24 — 2x

Let the area be A(x). <———
A(x) = x(24 — 2x)
A(x) = —2x(x — 12)

They need fencing on only three sides
of the garden because the house
forms the last side.

To find the length, I subtracted the
two widths from 24.

KArea = width X length

| factored out —2 from 24 — 2x to

kWrite the function in factored form.

b) The smallest the width can 1 This is a quadratic function that opens

approach is 0 m. The largest the
width can approach is 12 m.

Domain = {x € RI0 < x < 12}

down. It has two zeros, at 0 and 12.
The vertex lies halfway in between the
zeros, above the x-axis, so the numbers
in the domain have to be between 0
and 12. Any number = 0 or = 12 will
result in a zero or negative area, which

&doesn’t make sense.

NEL
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=
x= (0 + 12) + 2 < The vertex is halfway between

_6 x = 0 and x = 12. The x-coordinate
* \Of the vertex is 6.

/I substituted x = 6 into the area
function to find the y-coordinate of
=72 the vertex. Since area must be a
positive quantity, all the output
values of the function must lie

Range \ between 0 and 72.
={A(x) ERI0 < A(x) =72}

A(6)

—2(6)(6 — 12) ~——

The area ranges from 0 to 72 m?.

In Summary

Key Ideas

¢ The domain of a function is the set of values of the independent variable for
which the function is defined. The range of a function depends on the
equation of the function. The graph depends on the domain and range.

e The domain and range of a function can be determined from its graph, from
a table of values, or from the function equation. They are usually easier to
determine from a graph or a table of values.

Need to Know

e All linear functions include all the real numbers in their domains. Linear
functions of the form f(x) = mx + b, where m # 0, have range {y € R}.
Constant functions f(x) = b have range {b}.

e All quadratic functions have domain {x € R}. The range of a quadratic function
depends on the maximum or minimum value and the direction of opening.

¢ The domains of square root functions are restricted because the square root
of a negative number is not a real number. The ranges are restricted because
the square root sign refers to the positive square root. For example,

« The function f(x) = Vx has domain = {x € R|x = 0} and
range = {y € Rly = 0}.

+ The function g(x) = Vx — 3 has domain = {x € RIx = 3} and
range = {y € Rly = 0}

e When working with functions that model real-world situations, consider
whether there are any restrictions on the variables. For example, negative
values often have no meaning in a real context, so the domain or range must
be restricted to nonnegative values.
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CHECK Your Understanding

1. State the domain and range of each relation.

a)

Year of Birth | Life Expectancy (years) b)

1900 473 u
’A
—\

1920 54.1
1940 62.9
1960 69.7
1980 73.7 9 {(=4,7),(0,5),(0,3),(3,0), (5.~ 1)}
2000 77.0

2. State the domain and range of each relation.

a) Ny d) Ny
. 8 81
o 4: o o 4_\
§ X § X
= 3SR RPRES ERVRCRPYFE
o —44 o —4-
XS Y
b) Iy e) Ny
8+ 81

_8_ _8_
C) 1 y f) 1 y
81 8-
4 / 4
T X T X
T T T Io 1T 17 1T 1T T7T°1 T T 17T
-8 Y 4 8 -8 -4 9% 4 8
4- —4
_8_ _8_

3. Identify which of the relations in questions 1 and 2 are functions.

4. Determine the domain and range of the function f(x) = 2(x — 1)* — 3 by
sketching its graph.

NEL Introduction to Functions
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PRACTISING

5. The graph shows how 2007 prices for mailing letters in Canada vary with mass.

Canadian Domestic Letter Prices

™~y
250 i
2.001
& 1507
s ]
= i
1001 .
0501
T b
0.00 T T T T T T T T T T
100 200 300 400 500
Mass (g)

a) Explain why this relation is a function. Why is it important for this
to be so?
b) State the domain and range of the function.

. The route for a marathon is 15 km long. Participants may walk, jog, run, or

cycle. Copy and complete the table to show times for completing the
marathon at different speeds.

Speed (km/h) 1 2 314 |5|6|8|10|15] 20
Time (h) 15.0 | 7.5

Graph the relation in the table and explain how you know that it is a
function. State the domain and range of the function.

. A relation is defined by x* + y*> = 36.

a) Graph the relation.
b) State the domain and range of the relation.
o s the relation a function? Explain.

. Write a function to describe coffee dripping into a 10-cup carafe at a rate of

1 mL/s. State the domain and range of the function (1 cup = 250 mL).

NEL



9.

10.
Al

1.

12.

13.
(7]

14.

15.

Determine the domain and range of each function.

D flx) = —3x+8 & p(x) = %(x— 22— s

b) g(x) = —05(x+3)*+4 e g(x) =11 — %x
o hix) =Vx—1 ) r(x) =V5—«x

A ball is thrown upward from the roof of a 25 m building. The ball reaches a
height of 45 m above the ground after 2 s and hits the ground 5 s after being
thrown.

a) Sketch a graph that shows the height of the ball as a function of time.

b) State the domain and range of the function.

©) Determine an equation for the function.

Write the domain and range of each function in set notation.
a) flx) =4x+1 o flx) =3(x+1)—4
b) f(x) =Vx—2 d flx) = —2x* =5

Use a graphing calculator to graph each function and determine the domain
and range.

a) flx) =V3—x+2 <) h("):%
b) g(x) = x> — 3x d p(x) = Vx> =5

A farmer has 450 m of fencing to enclose a rectangular area and divide it into

two sections as shown.

a) Write an equation to express the total area enclosed as a function of the
width.

b) Determine the domain and range of this area function.

¢) Determine the dimensions that give the maximum area.

Determine the range of each function if the domain is {—3, — 1, 0, 2.5, 6}.
a) f(x) =4 - 3x b) f(x) = 2x* —3x + 1

Explain the terms “domain” and “range” as they apply to relations and
functions. Describe, with examples, how the domain and range are
p g
determined from a table of values, a graph, and an equation.
g q

Extending

16.

a) Sketch the graph of a function whose domain is {x € R} and range is

{y ERIy=2)}.
b) Sketch the graph of a relation that is not a function and whose domain is
{x € Rlx = —4} and range is {y € R}.

17. You can draw a square inside another square by placing each vertex of the

NEL

inner square on one side of the outer square. The large square in the diagram
has side length 10 units.

a) Determine the area of the inscribed square as a function of x.

b) Determine the domain and range of this area function.

©) Determine the perimeter of the inscribed square as a function of x.

d) Determine the domain and range of this perimeter function.

14
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Mid-Chapter Review

FREQUENTLY ASKED Questions

Q: How can you determine whether a relation is a function?

Study ‘ Aid
o See Lesson 1.1, Examples 1 A1: For a relation to be a function, there must be only one value of the
2, and 3. dependent variable for each value of the independent variable.

e Try Mid-Chapter Review

_ If the relation is described by a list of ordered pairs, you can see if any first
Questions 1 and 2.

elements appear more than once. If they do, the relation is not a function.
For example, the relation {(—2,0), (=1, 3), (0,4), (1,3), (2,0)}

is a function; but the relation {(—5,0), (—4, 3), (—4, —3), (3, —4),
(3,4), (5,0)} is not, because —4 and 3 each appear more than once as
first elements.

A2: If the relation is shown in a mapping diagram, you can look at the arrows. If
more than one arrow goes from an element of the domain (on the left) to an
element of the range (on the right), then the relation is not a function. For
example, diagram A shows a function but diagram B does not.

A ry o A B
N | \
i H I —
1 " ]
2: : »’4‘ » <k
i 3 I = ‘
T 4!. |— T O_ T : T 4|. T
- 2 -
—4 i A3: Ifyou have the graph of the relation, you can use the vertical-line test. If you

can draw a vertical line that crosses the graph in more than one place, then

an element in the domain corresponds to two elements in the range, so the

relation is not a function. For example, graph A shows a function but graph
B does not.

A4: Ifyou have the equation of the relation, you can substitute numbers for x to
see how many y-values correspond to each x-value. If a single x-value

produces more than one corresponding y-value, the equation does not
represent a function. For example, the equation y = 4 — x? is the equation
of a function because you would get only one answer for y by putting a
number in for x. The equation x* + y* = 25 does not represent a function
because there are two values for y when x is any number between —5 and 5.

- : . . . 5
Study | Aid Q: What does function notation mean and why is it useful

e See Lesson 1.2, Examples 1,
3, and 4. equation. For example, you can write the equation y = 4 — x? in function
e Try Mid-Chapter Review notation as f(x) = 4 — x”. fis a name for the function and f(«) is the
Questions 3 and 4. value of y or output when the input is x = 4. The equation f(—1) = 3
means “When x = —1, y = 3;” in other words, the point (—1, 3) belongs
to the function.

A:  When a relation is a function, you can use function notation to write the

38 Chapter 1 NEL



NEL

Mid-Chapter Review
To evaluate f(—1), substitute — 1 for x in the function equation:
f=1) = 4= (-1
=4-1
=3 b
Or you can read the value from a graph.

Function notation is useful because writing f(x) = 3 gives more information
about the function—you know that the independent variable is x—than
writing y = 3. Also, you can work with more than one function at a time by

giving each function a different name. You can choose meaningful names,

such as v(#) to describe velocity as a function of time, # or C(7) to describe il

the cost of producing 7 items.

How can you determine the domain and range of a function? Study ‘ Aid

The domain of a function is the set of input values for which the function is o See Lesson 1.4, Examples 2
defined. The range is the set of output values that correspond to the input and 3.

values. Set notation can be used to describe the domain and range of a e Try Mid-Chapter Review
function. Questions 6, 7, and 8.

If you have the graph of a function, you can see the domain and range, as in
the following examples: A

Because graph A goes on forever in both the positive and negative x
direction, x can be any real number.

Because this function has a maximum value at the vertex, y cannot have a

value greater than this maximum value. —4 —

You can express these facts in set notation: T

_4_
Domain = {x € R}; Range = {y € Rly = 4} 1
Graph B starts at the point (—1, 0) and continues forever in the
positive x direction and positive y direction. So x can be any real number B 1Ty
greater than or equal to —1 and y can be any real number greater than or —4 VERG]
equal to 0. B 2: /
Domain = {x € Rlx = —1}; Range = {y € Rly = 0} /] X
T 1 o T T 17T 17T 17T 17T
You can also determine the domain and range from the equation of a _2_ N 214168
function. For example, if f(x) = 4 — x?%, then any value of x will work in i
this equation, so x € R. Also, because x” is always positive or zero, f(x) is —4]
always less than or equal to 4.

Domain = {x € R}; Range = {y € Rly = 4}

If g(x) = Vx + 1, then x cannot be less than — 1, or the number inside
the square root sign would be negative. Also, the square root sign refers to
the positive square root, so g(x) is always positive or zero.

Domain = {x € Rlx= —1}; Range = {y € R|y = 0}

Introduction to Functions 39



PRACTICE Questions

Lesson 1.1

1. Determine which relations are functions. For those
which are, explain why.

a) {(1,2),(2,3), (2,4), (4, 5)}

b)
i
L
C) l 1 y
. 4
.2_
1 X
PRESCRFESY
d)

© y=—(x=3)"+5
f) y=Vx—4

2. Use numeric and graphical representations to show
that x* + y = 4 is a function but x* + y* = 4 is
not a function.

Lesson 1.2

3. a) Graph the function f(x) = —2(x + 1)* + 3.
b) Evaluate f(—3).
¢) What does f(—3) represent on the graph of £
d) Use the equation to determine i) (1) — f(0),

i) 3f(2) — 5,andiii) f(2 — x).

40 Chapter 1

4. A teacher asked her students to think of a number,
multiply it by 5, and subtract the product from 20.
Then she asked them to multiply the resulting
difference by the number they first thought of.

a) Use function notation to express the final answer
in terms of the original number.

b) Determine the outputs for the input numbers 1,
—1,and 7.

¢) Determine the maximum result possible.

Lesson 1.3
5. Graph each function and state its domain and range.

a) flx) =« o flx) = Vx
b) f(x) =% d f(x) = Ixl

Lesson 1.4

6. Determine the domain and range of each relation in
question 1.

7. A farmer has 600 m of fencing to enclose a
rectangular area and divide it into three sections as
shown.

a) Write an equation to express the total area
enclosed as a function of the width.

b) Determine the domain and range of this area
function.

¢) Determine the dimensions that give the
maximum area.

8. Determine the domain and range for each.

a) A parabola has a vertexat (—2, 5),and y = 5 is
its maximum value.

b) A parabola has a vertex at (3, 4), and y = 4 is its
minimum value.

c) A circle has a centre at (0, 0) and a radius of 7.

d) A circle has a centre at (2, 5) and a radius of 4.

NEL



1 . 5 The Inverse Function
and Its Properties

YOU WILL NEED

e graph paper
. . . ; : ; e Mira™ (transparent
Determine inverses of linear functions and investigate their mirror) (optional)

properties.

INVESTIGATE the Math

The Backyard Paving Company charges $10/sq ft for installing interlocking paving A Area )((sq ft) Cos}; (%)
stones, plus a $50 delivery fee. The company calculates the cost to the customer as 40 450
a function of the area to be paved. Tom wants to express area in terms of cost to
see how much of his yard he can pave for different budget amounts. 80
120
@ \Vhat relation can Tom use, and how is it related to the function 160
used by the company? 200

A. Copy and complete table A, using the company’s prices. What is the

independent variable in table A? the dependent variable?
E Cost ($) | Area (sq ft)
B. Is the relation in table A a function? Explain.
450 40

C.  Write the equation for f(x) that describes the cost as a function of area. 350
D. Graph f(x). Use the same scale of —100 to 2100 on each axis. 1250
E. Tom needs to do the reverse of what the company’s function does. Copy and 1650

complete table E for Tom. What is the independent variable? the dependent 2050

variable? How does this table compare with table A?
F.  The relationship in part E is the inverse of the cost function. Graph this inverse of a function

inverse relation on the same axes as those in part D. Is this relation a the reverse of the original

function? Explain. function; undoes what the

original function has done

NEL Introduction to Functions 41
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G. Draw the line y = x on your graph. Place a Mira along the line y = x, or fold
your graph paper along that line. What do you notice about the two graphs?
Where do they intersect?

H. Compare the coordinates of points that lie on the graph of the cost function
with those which lie on the graph of its inverse. What do you notice?

I.  Write the slopes and y-intercepts of the two lines.
i) How are the slopes related?
ii) How are the y-intercepts related?
iii) Use the slope and y-intercept to write an equation for the inverse.

J. Use inverse operations on the cost function, f; to solve for x. Compare this
equation with the equation of the inverse you found in part L.

K. Make a list of all the connections you have observed between the Backyard
Paving Company’s cost function and the one Tom will use.

Reflecting

L. How would a table of values for a linear function help you determine the
inverse of that function?

M. i) How can you determine the coordinates of a point on the graph of the
inverse function if you know a point on the graph of the original
function?

ii) How could you use this relationship to graph the inverse?

N. How are the domain and range of the inverse related to the domain and
range of a linear function?

0. How could you use inverse operations to determine the equation of the
inverse of a linear function from the equation of the function?

APPLY the Math

EXAMPLE 1 Representing the equation of the inverse
of a linear function

Find the inverse of the function defined by f(x) = 2 — 5x. Is the inverse a
function? Explain.

Jamie’s Solution: Reversing the Operations

In the equation f(x) = 2 — Sx, the <——— | wrote down the operations on
operations on x are as follows: Multiply x in the order they were applied.

by —5 and then add 2.

To reverse these operations, subtract 2 <—— Then | worked backward and
and then divide the result by — 5. wrote the inverse operations.

NEL



x— 2 (| . .
Fi(x) = or = I used these inverse operations to
=5 write the equation of the inverse.
1 2
-1
x) = ——x + —
f =t

The inverse is linear, so it must be a <—E knew the inverse was a line.
function, since all linear relations except
vertical lines are functions.

Lynette’s Solution: Interchanging the Variables

~
f(x) =2 —5x < | wrote the functioniny = mx + b
\jorm by putting y in place of f(x).

y=—5x+2

x=—5y+2 =< (|

knew that if (x, y) is on the graph

graph, so I switched x and y in the

kequation.
e .
x—2=—-5y+2—2 < I solved for y by subtracting 2 from
=5 both sides and dividing both sides
X - by —5.
x—2
=5 =V
) = x—2 or f(x) = 2 —x g wrote the equation in function

=5

notation.
5 NS

The inverse is a function. = 1
line with slope = 5 The graph

\ passes the vertical-line test.

EXAMPLE 2 Relating the graphs of functions and their inverses

Use the graph of each function to obtain the graph of the inverse. Is the inverse a

function? Explain.

a) 1 y b) 1 y
y=fx) 4 8]
24 y=8x) 44
o o o - X 7 X
LTt O AR
—D ° —4-
_4_ _8_

NEL

of f(x), then (y, x) is on the inverse

(The graph of y = f~'(x) is a straight

1.5

Communication | Tip

The function =" is the inverse
of the function f. This use of
— 1 is different from raising
values to the power — 1.
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Carlos's Solution

a)

b)

Chapter 1

f(x) is a function represented by the <— I wrote the coordinates of the
set of points {(—3, 1), (—2,1), points in the graph and then
(=1,1),(0,3), (1,0), (4, —2)}. switched the x- and y-coordinates

N . of each point. That gave me the
So f ! (x) is {(1, —3), (1, =2), verse.
(1, =1), (3,0), (0, 1), (=2, 4)}.

Plot the points for the inverse and
draw the line y = x to check for

| plotted the points in red.

symmetry.
y 9 | checked that the points on one
4- il side of the line y = x were mirror
L] -1 ’ . .
) L images of the points on the other
f(X) 2 ," YEA side.
o o o 4 ',’ X
T T T T T T TT T
-4 2.2 .2 4
/—2— . °
e — of—'l
/l' _4_
al j

There are three red points for x = 1,
so a vertical line drawn here would
go through three points.

fl wrote the coordinates of the
x- and y-intercepts of g(x): (5, 0)
and (0, 3).

The inverse is not a function: The <——
graph fails the vertical-line test at
x = 1.

Then I switched the coordinates to
find the two points (0, 5) and

(3, 0) of g7 '(x). I noticed that they
were the intercepts.

| plotted the two points of g~'(x) and
joined them with a straight line.

| drew the line y = x and checked
that the graphs of g(x) and g~ '(x)
kcrossed on that line.

The inverse is a function because it
_passes the vertical-line test.

The inverse is a function. <—————

NEL



EXAMPLE 3

1.5

Using the inverse of a linear function to solve a problem

Recall from Lesson 1.2 that the temperature below Earth’s surface is a

function of depth and can be defined by 7(4) = 11 +
a) State the domain and range of 7(d).

b) Determine the inverse of this function.

©) State the domain and range of 7' ().

d) Explain what the inverse represents.

Erynn’s Solution

a) Domain = {4/ € RI0 = d = 5000} <———

0.0154.

fl realized that d'is 0 m on the surface. This is the beginning of
the domain. The deeper mine has a depth of 4100 m, so |
kchose to end the domain at 5000.

FI calculated the beginning and end of the range by

Range = <
{T(d) ERIII=T(d) = 86} Gubstituting d = 0and d = 5000 into the equation for T(d).
b) 7(d) =11+ 0.0154 < | wrote the temperature function with y and x instead of
T(d) and d.
y =11+ 0.015x —
x =11 + 0.015y
x— 11 = 0.015y < I switched x and y and solved for y to get the inverse
11 equation.
x - ~—
0.015 7 ~
T — Because | had switched the variables, | knew that y was now
d(T) = 0.015 is the inverse function. <————— distance and x was temperature. | wrote the inverse in

o Domain {TERI|11 = T=86}<—

Range =
{d(T) € R10 =d(T) = 5000}

d) The inverse shows the depth asa <

function of the temperature.

22 — 11
A22) == 01s
= 733

When the temperature is 22 °C, the
depth is about 733 m.

Someone planning a geothermal
heating system would need this kind
of information.

NEL

function notation.
—

g
The domain of the inverse is the same as the range of the
original function, and the range of the inverse is the same as
the domain of the original function.

—

—
The inverse function is used to determine how far down a

mine you would have to go to reach a temperature of, for
example, 22 °C. | substituted 22 for T in the equation to get
the answer.

—
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In Summary

Key Ideas

e The inverse of a linear function is the reverse of the original function. It undoes
what the original has done and can be found using the inverse operations of the
original function in reverse order. For example, to apply the function defined by
f(x) = 5x + 8, multiply x by 5 and then add 8. To reverse this function, subtract

8 from x and then divide the result by 5: 7 ~'(x) = X ;

e The inverse of a function is not necessarily a function itself.

Need to Know

¢ A way to determine the inverse function is to switch the two variables and solve
for the previously independent variable. For example, if y = 5x + 8, rewrite this

equation as x = 5y + 8 and solve for y to get y = X?

e If the original function is linear (with the exception of a horizontal line), the
inverse is also a linear function.

o f~Tis the notation for the inverse function of f.

e If (a, b) is a point on the graph of y = f(x), then (b, a) is a point on the graph
of y = f~(x). This implies that the domain of fis the range of 7' and the
range of fis the domain of 7.

e The graph of the inverse is the reflection of the graph of y = f(x) in the line

y =X

CHECK Your Understanding

1. Determine the inverse relation for each set of ordered pairs. Graph each
relation and its inverse. Which of the relations and inverse relations are
functions?

a) {(—2,3),(0,4),(2,5), (4,6)}
b) {(2,5), (2 -1),(3,1), (5 1)}
2. Copy the graph of each function and graph its inverse. For each graph,

identify the points that are common to the function and its inverse. Which
inverse relations are functions?

Y 51 Yo > 51 4
NES N
1 ° X '|: X
SO Sooan
_.3: 0000_03-_100000
- +
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3. Determine whether each pair of functions described in words are inverses.
a) f: Muldply by 3, then add 1; g: Divide by 3, then subtract 1.
b) f: Multiply by 5, then subtract 2; ¢: Add 2, then divide by 5.

4. For each linear function, interchange x and y. Then solve for y to determine
the inverse.

a) y=4x—3 o 3x+4=6
1
b)yZZ—Ex d) 2y — 10 = 5x

PRACTISING

5. Determine the inverse of each linear function by reversing the operations.

a) f(x) =x—4 o f(x) =5x e f(x) =6—>5x
b) f(x) =3x+1 d f(x) Z%x— 1 ) f(x) =%x+ 2

6. Determine the inverse of each linear function by interchanging the variables.
D f)=xt7 O fx) =5 9 fx) =

1 x—3

b) f(x) =2—«x d flx) = i 2 ) flx) = y

7. Sketch the graph of each function in questions 5 and 6, and sketch its
inverse. Is each inverse linear? Is each inverse a function? Explain.

NEL Introduction to Functions
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8. For each function, determine the inverse, sketch the graphs of the function
3 and its inverse, and state the domain and range of both the function and its

)
A

48 Chapter 1

inverse. In each case, how do the domain and range of the function compare
with the domain and range of the inverse?

a) {(=1,2),(1,4),(2,6),(3,8)}
b)

o flx) =1—3x
d) y

—

—| =
]

. a) Determine ' for the linear function f(x) = 5x — 2.

b) Graph fand £ ' on the same axes.
©) Explain how you can tell that £ " is also a linear function.
d) State the coordinates of any points that are common to both fand .
e) Compare the slopes of the two lines.
f) Repeat parts (a) to (¢) for g(x) = —3x + 3, h(x) = 2x — 1,
p(x) =6 — x,and g(x) = 2.

For g(#) = 3¢ — 2, determine each value.

g(13) _g(7) -1
a) g(13) ) 3T, e ¢ (7)

- g '(13) —¢'(7)
b) ¢(7) d ¢ '(13) f) 13— 7

Explain what parts (c) and (f) represent in question 10.

The formula for converting a temperature in degrees Celsius into degrees
Fahrenheit is F = 2C + 32. Shirelle, an American visitor to Canada, uses a
simpler rule to convert from Celsius to Fahrenheit: Double the Celsius
temperature, then add 30.

a) Use function notation to write an equation for this rule. Call the
function fand let x represent the temperature in degrees Celsius.

b) Write ™' as a rule. Who might use this rule?

¢ Determine f~'(x).

d) One day, the temperature was 14 °C. Use function notation to express
this temperature in degrees Fahrenheit.

e) Another day, the temperature was 70 °F. Use function notation to

express this temperature in degrees Celsius.

Ben, another American visitor to Canada, uses this rule to convert
centimetres to inches: Multiply by 4 and then divide by 10. Let the
function g be the method for converting centimetres to inches, according to
Ben’s rule.

a) Write g_l as a rule.

b) Describe a situation in which the rule for ¢! might be useful.

NEL
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¢ Determine g(x) and g ' (x).

d) One day, 15 cm of snow fell. Use function notation to represent this
amount in inches.

e) Benis5 ft 10 in. tall. Use function notation to represent his height in
centimetres.

14. Ali did his homework at school with a graphing calculator. He determined that
the equation of the line of best fit for some data was y = 2.63x — 1.29. Once
he got home, he realized he had mixed up the independent and dependent
variables. Write the correct equation for the relation in the form y = mx + 6.

15. Tiffany is paid $8.05/h, plus 5% of her sales over $1000, for a 40 h work
week. For example, suppose Tiffany sold $1800 worth of merchandise. Then
she would earn $8.05(40) + 0.05($800) = $362.

a) Graph the relation between Tiffany’s total pay for a 40 h work week and
her sales for that week.

b) Write the relation in function notation.

o) Graph the inverse relation.

d) Write the inverse relation in function notation.

e) Write an expression in function notation that represents her sales if she
earned $420 one work week. Then evaluate.

16. The ordered pair (1, 5) belongs to a function f” Explain why the ordered pair
(2, 1) cannot belong to £~ '.

1& Given f(x) = k(2 + x), find the value of £if f 7' (—2) = —3.
T

18. Use a chart like the one shown to summarize what you have learned about
the inverse of a linear function.

Definition: Methods:
Examples: Function Properties:
Extending

19. Self-inverse functions are their own inverses. Find three linear functions that
are self-inverse.

20. Determine the inverse of the inverse of f(x) = 3x + 4.
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YOU WILL NEED

e graphing calculator
or graphing software

Communication | Tip

The function defined by
g(x) =af(x—d) +c¢
describes a transformation
of the graph of 1.

When f(x) = x?,
g(x) =alx—d)? +c

When f(x) = VXx,
g(x) =aVvx—d+c

When f(x) = %

a

g(x) = Y —d + C
When f(x) = Ix],
g(x) =alx —dl + c

Tech | Support

Flatl Flokg FIokZ
~H BT 2D
wazBL I 2

e}

WWRETArH ey
e BLAC2 (0
HY - B Rt B e

s =

To enter f(x) = Ixl, press

50 Chapter 1

Use brackets when entering

. 1
transformed versions of y = =

(vatH) ) (1) (X1.6.0)

Exploring Transformations
of Parent Functions

Investigate transformations of parent functions.

EXPLORE the Math

Anastasia and Shelby made patterns with parabolas by applying transformations

to the graph of the parent quadratic function y = x°.

Anastasia thinks they could make more interesting patterns by applying
transformations to other parent functions as well. Shelby wonders whether the
transformations will have the same effect on the other functions as they do on
quadratic functions.

@ Do transformations of other parent functions behave in the same
way as transformations of quadratic functions?

1
A.  Graph the parent functions f(x) = x2, g(x) = Vi, h(x) = o and
7(x) = Ixl. Sketch and label each graph.

B. Without using a calculator, use what you know about transformations of
quadratic functions to sketch the graphs of y = 3x% y = 3 x%, and
y = —2x7 Describe the transformations in words.

C.  DPredict what the graphs of y = 3\/;6',)/ = %\/;c, andy = — 2V x will look
like. Use a graphing calculator to verify your predictions. Sketch and label
each curve on the same axes, along with a sketch of the parent function.
Compare the effect of these transformations with the effect of the same
transformations on quadratic functions.

3 1

2
) = 5 pandy= =" andfory =3l y = 2l

D. Repeat part Cfory =
and y = —2lxl.

E. Sketchy = 3x* + 2and y = 3x* — 1 without a calculator. Describe the
transformations in words. Predict what the graphs of y = 3f(x) + 2 and
y = 3f(x) — 1 for each of the other parent functions will look like. Verify
your predictions with a graphing calculator. Make labelled sketches and
compare them with transformations on quadratic functions as before.

NEL



. RepeatpartEfory = f(x — 2),y =5 f(x+ 1),andy = 3f(x — 1) + 2.

G. Examine your sketches for each type of transformation. Did the
transformations have the same effect on the new parent functions as they had
on quadratic functions? Explain.

Reflecting

H. How did the effect of transformations on parent functions compare with that
on quadratic functions?

I.  When you graphed y = af(x — d) + ¢, what were the effects of ¢ and 4?

J.  How did the graphs with 2 = 0 compare with the graphs with 2 = 02

K. How did the graphs for which 2 > 1 compare with the graph for which

0<a<l

Key Idea

e In functions of the form g(x) = af(x — d) + ¢, the constants a, ¢, and d each
change the location or shape of the graph of f(x). The shape of the graph of
g(x) depends on the graph of the parent function g(x) and on the value of a.

FURTHER Your Understanding

1. The graph of the equation y = (x — 1) + 2 is the graph of a parabola that

opens up and has its vertex at (1, 2). What do you know about the graphs of
the following equations?

1
a y=Vx—1+2 b)) y=Ix—1U+2 o y=

x— 1

+2

2. The graph of y = x* opens up and the graph of y = —x? opens down. How

would you compare the graphs of the following pairs of equations?
a) y=Vxand y=—Vx
b) y=Ixl and y = —Ixl

1 1
9] y=;andy=—*

X

3. The graph of y = 2x? is narrower than the graph of y = x*. How do the

following graphs compare?
a) y=2Vxand y = Vx

b) y = 2lxl and y = Ixl
1
9] y=;andy=;

4. Experiment with each of the parent functions to create patterns on

NEL

a graphing calculator screen.
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Investigating Horizontal
Stretches, Compressions,
and Reflections

1.7

YOU WILL NEED

e graph paper (optional) ; - -
e graphing calculator Investigate and apply horizontal stretches, compressions,

and reflections to parent functions

INVESTIGATE the Math

The function p(L) = 27V 5 L describes the time it takes a pendulum to
complete one swing, from one side to the other and back, as a function of its
length. In this formula,

* p(L) represents the time in seconds

* [ represents the pendulum’s length in metres

Shannon wants to sketch the graph of this function. She knows that the parent
function is f(x) = V x and that the 27 causes a vertical stretch. She wonders
what transformation is caused by multiplying x by 7.

© \What transformation must be applied to the graph of y = f(x)
to get the graph of y = f(kx)?

A. Copy and complete tables of values for y = Vi and y = Vx.

Y=\& y=\/5(

X y X y
invariant point 0 0
a point on a graph (or figure) 1 05

that is unchanged by a

transformation—for example, 4 2

(=2, 0)and (2, 0) for this graph

and transformation 9 4.5
10 8

Graph both functions on the same set of axes. State the domain and range of
each function.

' B. Compare the position and shape of the two graphs. Are there any invariant
points on the graphs? Explain.

C.  How could you transform the graph of y = \/;C to obtain the graph of

y=\/gc?
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D. Compare the points in the tables of values. How could you use the first
table to obtain the second? What happens to the point (x, ) under this
transformation? This transformation is called a horizontal compression of
factor 3. Explain why this is a good description.

E. Repeat parts A through D fory = Vxand y = \/;c What happens to the

point (x, ) under this transformation? Describe the transformation in words.

F.  Repeat parts A through D for y = Vxand y=V —x

G. Using a graphing calculator, investigate the effect of varying 4 in y = f(kx) on
the graphs of the given parent functions. In each case, try values of 4 that are
i) between 0 and 1, ii) greater than 1, and iii) less than 0.

a) f(x) = x? b) f(x) :i o flx) = Ixl

H. Write a summary of the results of your investigations. Explain how you

would use the graph of y = f{x) to sketch the graph of y = f(kx).

Reflecting

. What transformation is caused by multiplying Z by 75 in the
pendulum function p(L) = 2N/ L2

J.  How is the graph of y = £(2x) different from the graph of y = 2f(x)?

K. How is the graph of y = f(—x) different from the graph of y = —f(x)?

L. What effect does 4 in y = f(kx) have on the graph of y = f(x) when
) lkl>12 i) 0<lel<1? iii) £ < 0?

APPLY the Math

EXAMPLE 1

For each pair of functions, identify the parent function, describe the
transformations required to graph them from the parent function, and
sketch all three graphs on the same set of axes.

2
a) y= (40)hy = (;x>

Ana’s Solution

b) y =10.25x;y = |—x — 3|

17

Communication | Tip

In describing vertical
stretches/compressions af(x),
the scale factor is a, but for
horizontal stretches/
compressions f(kx), the scale

factor is % In both cases, for

a scale factor greater than 1,
a stretch occurs, and for a
scale factor between 0 and 1,

a compression occurs.

Applying horizontal stretches, compressions, and reflections

a) These functions are of the form y = f(kx)>. The < ﬂ saw that these functions were y = x2, with x

quadratic function f(x) = x? is the parent function.

NEL

tmultiplied by a number.

&
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—

To graph y = (4x)2, compress the graph of y = (x)2 When x is multiplied by a number greater than 1, the graph
horizontally by the factor . = is compressed horizontally. That makes sense, since the
x-value required to make y = 1is +1 fory = x2, butis * %
fory = (4x)%.
8 y=x* | . . :
multiplied the x-coordinates of the points (1, 1), (2, 4), and
6 y = (4x)2 (3,9)ony = x? by 3 to find three points, (7, 1), (3, 4), and
L(2,9). ony = (4x?
X | plotted these points and joined them to the invariant
—'|I6 I—]IZ I—é |_4|. IO_ T 4|' T é T _Il2 T ]I6 -~ point (0, O) to graph one-half of the parabola. Then |
used symmetry to complete the other half of the graph.

To graph y = (5x?), stretch the graph of
y = x? horizontally by the factor 5.

p
This time, x is multiplied by a number between 0 and 1, so

the graph is stretched horizontally. Instead of using an

x-value of =1 to get a y-value of 1, | need an x-value of £5.

| used the same x-coordinates as before and multiplied by
5, which gave me points (5, 1), (10, 4), and (15, 9) to plot.

| used the invariant point (0, 0) and symmetry to complete
_the graph of y = (20)2.

~
b) The parent function is /(x) = |x|. I knew from the absolute value signs that the parent

function was the absolute value function.
To graph y = |O-25x|, stretch the graph of y = |x|

horizontally by the factor 4. I knew that the stretch factor was 55z = 4. The point that

originally was (1, 1) corresponded to the new point (4, 1).
So I multiplied the x-coordinates of the points (1, 1), (2, 2),
and (3, 3) on y = Ixl by 4 to find the points (4, 1), (8, 2),
and (12, 3) on the new graph.

| joined these points to the invariant point (0, 0) to graph
one-half of the stretched absolute value function. | used
\symmetry to complete the graph.
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17

To graph y = |—x — 3, reflect the parent function

graph in the y-axis, then translate it 3 units left. ~
First | thought about the graph of y = I—xI. For this

graph, I switched the values of x and —x, so | really
reflected the graph of y = Ixl in the y-axis. The points
that were originally (=1, 1), (0, 0), and (1, 1) changed
to (1, 1), (0, 0), and (=1, 1); so the graph didn’t change.

Next, | reasoned that since [—=x| = Ixl, |-=x — 3| =

Ix + 31I. Therefore, | shifted the graph of y = IxI 3 units

left. The points that were originally (=1, 1), (0, 0), and
\(1’ 1) changed to (=4, 1), (=3,0),and (=2, 1).

EXAMPLE 2 Using a graph to determine the equation of a transformed function

In the graphs shown, three parent functions have been graphed in green. The
functions graphed in red have equations of the form y = f(kx). Determine the
equations. Explain your reasoning.

a)

b) )

I_é|_4liloil4lilél

Robert’s Solution

a) The parent function is f(x) = . < [I recognized the V shape of the absolute value function.

Point (1, 1) on y = Ixl corresponds to point (4, 1) I knew that y = f(kx) represents a horizontal stretch or
on the red graph. compression and/or a reflection in the y-axis.

NEL Introduction to Functions 55



b)

9]

Point (2, 2) corresponds to point (8, 2), and <——
point (3, 3) corresponds to point (12, 3).

The red graph is the green graph stretched <—————
horizontally by the factor 4.

The equation is y = lzx|. =<
The green graph is a graph of the square root <———
function f(x) =V x.

The green graph has been compressed horizontally <—
and reflected in the y-axis to produce the red graph.

(1, 1) corresponds to (—0.25,1). =
(4, 2) corresponds to (—1, 2).
(16, 4) corresponds to (—4, 4).

Each x-coordinate has been divided by —4.
The equation is y =V —4x.

-

1
The parent function is f(x) = -

The graph has been stretched horizontally. <————

(1, 1) corresponds to (6, 1). —=

(%, 2) corresponds to (3, 2).
(=1, —1) corresponds to (—6, —1).
(=3 —2) corresponds to (—3, —2).

Each x-coordinate has been multiplied
1

by 6. The equation is y = ﬁ
ox

56 Chapter 1

The red graph is a stretched-out version of the green graph,
so k must be between 0 and 1.

—

The x-coordinates of points on the red graph are 4 times the
ones on the green graph.

—

Since the stretch scale factor is 4, and 0 < k < 1, it follows
that kK = 1. So | could complete the equation.

The green graph is the square root function because it begins
at (0, 0) and has the shape of a half parabola on its side.

—

The red graph is a compressed version of the green graph
that had been flipped over the y-axis. Therefore, k is
negative and less than —1.

—

—

| divided the corresponding x-coordinates to find k:
1+-025= -4
4+—-1=-4

16+ —-4=—-4, so k=—-4

—

| recognized the reciprocal function because the graph was
in two parts and had asymptotes.

—

The red graph is further away from the asymptotes than the
green graph, so it must have been stretched.

—

Since the stretch scale factor is 6, and 0 < k < 1, it follows
that k = £.

NEL



EXAMPLE 3
real situation

Using transformations to sketch the graph for a

Use transformations to sketch the graph of the pendulum function
(L) = 2wV 5L, where p(L) is the time, in seconds, that it takes for a pendulum
to complete one swing and L is the length of the pendulum, in metres.

Shannon'’s Solution

The graph of y = 277\/%6 is the graph <
of the parent function y = Vx stretched
horizontally by the factor 10 and

vertically by the factor 27r.

/The original equation was in the
form y = af(kx).

Since 0 < k < 1, the graph is
stretched horizontally by a scale

factor of + = 10.
0

Because a = 27 and 27 > 1, the
graph is stretched vertically by a
kscale factor of 2.
/ . .

| applied the horizontal stretch.

I multiplied the x-coordinates by
10 to find points on the
horizontally stretched graph:

(1, 1) moves to (10, 1).

Y
15 1
10 1
5 y=\x
_ | Ix
Y70
O "5'10 15 20 25
Y
15 1
y=2m ]1—(’;
10
-
;] y=1x
_ | 1Ix
Y=o
O "5'10 15 20 25

NEL

\(4, 2) moves to (40, 2).

/Then | applied the vertical stretch
to the red graph. | multiplied the
y-coordinates by 27, which is
approximately 6.3 (to one
decimal place):

(10, 1) moves to (10, 6.3).
\(40, 2) moves to (40, 12.6) .

Introduction to Functions
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y=x2\ \]
_I5I T T Io_ T T T T I5
TY
4_
o] y=ix
DR R RE RPN
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Period versus Length for a Pendulum

Y|
15
E'.—_ | drew a correctly labelled graph
= 10+ of the situation. | copied the
g sketch onto a graph with length
= 54 L on the x-axis and time p(L)
on the y-axis.
X

O "5 710 15 20 25
Length (m)

In Summary

Key Idea

Functions of the form g(x) = f(kx) have graphs that are not congruent
to the graph of f(x). The differences in shape are a result of stretching or
compressing in a horizontal direction.

Need to Know
* The image of the point (x, y) on the graph of f(x) is the point (% y) on the

graph of f(kx).
If g(x) = f(kx), then the value of k has the following effect on the graph of

f(x):
1
« When |kl > 1, the graph is compressed horizontally by the factor W

1
« When 0 < |kl < 1, the graph is stretched horizontally by the factor 7
« When k < 0, the graph is also reflected in the y-axis.

CHECK Your Understanding

1.

a) The red graph has been compressed horizontally by the factor § relative
to the graph of y = x?. Write the equation of the red graph.

b) The blue graph has been stretched horizontally by the factor 2 relative to
the graph of y = V/x and then reflected in the y-axis. Write the equation
of the blue graph.

For each function, identify the parent function and describe how the graph of
the function can be obtained from the graph of the parent function. Then
sketch both graphs on the same set of axes.

2
a) y = 10.5x] b) }/=<;x) o) ),z\/_izx d) )}z(slx)

NEL



PRACTISING

3.

He

NEL

The point (3, 4) is on the graph of y = f(x). State the coordinates of the
image of this point on each graph.

D =10 W =059 9 p=f(5x) @ y= a0

Sketch graphs of each pair of transformed functions, along with the graph of
the parent function, on the same set of axes. Describe the transformations in
words and note any invariant points.

b) y=V3xy= Vix d) y=13xl,y = I5xl

Repeat question 4 for each pair of transformed functions.

1 1
B y= (=29%y = (=59’ AR ST A
b y=V-3xy=V—idx d) y=1-3xl,y=1-5xl

Repeat question 4 for each pair of transformed functions.

1\ 1\ 1 1
MUY Y 9T 07T G

2
1 /1
b) y= Ex,)/z gx d) y=

—_

X

3

-X

=5

. Repeat question 4 for each pair of transformed functions.

N 3 e W
R N A

SN N o = |-L),= |-
y 56 3 y 3 5
1
In each graph, one of the parent functions f(x) = x?, f(x) = Vx, f(x) = o
and f(x) = |x| has undergone a transformation of the form f(4x).
Determine the equations of the transformed functions graphed in red.
a)
b)
X
810

Introduction to Functions
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9. When an object is dropped from a height, the time it takes to reach the
B ground is a function of the height from which it was dropped. An equation

for this function is (/) = \/%, where /4 is in metres and # is in seconds.

a) Describe the domain and range of the function.
b) Sketch the graph by applying a transformation to the graph of #(4) = V.

10. For each set of functions, transform the graph of () to sketch g(x) and
h(x), and state the domain and range of each function.

B f(x) = 5 g(x) = (;) bx) = (—4x)

b) f(x) = Vx g(x) = \/; h(x) = V—5x
1
(—5%)

d) f(x) = Ixl, g(x) = 1=2xl, h(x) = ‘;x

9 fl) = 1) = 4% h(x) =

11. The function y = f(x) has been transformed to y = f{kx). Determine the
value of £ for each transformation.
a) a horizontal stretch by the factor 4
b) a horizontal compression by the factor 5
o areflection in the y-axis
d) a horizontal compression by the factor § and a reflection in the y-axis

12. A quadratic function has equation f(x) = x* — x — 6. Determine the
T x-intercepts for each function.

a) y = f(2x) b) y =f<;X> o y=f(—3x)

13. a) Describe how the graph of y = f(kx) can be obtained from the graph of
y = f(x). Include examples that show how the transformations vary with
the value of 4.
b) Compare the graph of y = f{kx) with the graph of y = &f{(x) for
different values of # and different functions f{x). How are the
transformations alike? How are they different?

Extending
14. a) Graph the function y = 1

e
b) Apply a horizontal stretch with factor 2.

o) Apply a vertical stretch with factor 2. What do you notice?

d) Write the equations of the functions that result from the transformations

in parts (b) and (c). Explain why these equations are the same.

15. Suppose you are asked to graph y = f(2x + 4). What two transformations
are required? Does the order in which you apply these transformations make
a difference? Choose one of the parent functions and investigate. If you get
two different results, use a graphing calculator to verify which graph is
correct.
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1 8 Using Transformations to Graph
- Functions of the Form
= aflk(x — d)] + ¢

YOU WILL NEED

— - - - e graph paper or
Apply combinations of transformations, in a systematic order, to graphing calculator

sketch graphs of functions.

LEARN ABOUT the Math
Neil wants to sketch the graph of f(x) = =3 V2(x + 4) — 1.

© How can Neil apply the transformations necessary to sketch the graph?

EXAMPLE 1 Applying a combination of transformations

Sketch the graph of f(x) = —3 V2(x + 4) — 1. State the domain and range of

the transformed function.

Neil’s Solution

The parent function is f(x) = Vx. —< EThe function is a transformed square root function.

Vertical stretch by a Horizontal translation
factor of 3 4 units left
Vertical
f(x)= X + 4) — | < translation I looked at each part of the function and wrote down all
/ T unit down the transformations | needed to apply.

Reflection in .
Horlzontal compression

the x-axis by a factor of;—
~
104 Y First | divided the x-coordinates of points on y = Vx by 2
8: to compress the graph horizontally by the factor 1.
f(x) f(2x)
(0, 0) (0, 0)
1
(1,1 (E 1)
i 4,2 | 2,2
_4_ ,I
= 09| (3)
. ~
_8_
_'lo_

NEL
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/
I multiplied the y-coordinates of y = V 2x by 3 to stretch
the graph vertically by the factor 3.

f(x)

f(2x)

3f(2x)

(0, 0)

(0, 0)

(0, 0)

(1.1

&)

4,2)

(2,2)

—10 —8

62
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Chapter 1

9. 3)

1
(45, 3

)

[I flipped the graph of y = 3V 2x over the x-axis.

f(x)

f(2x)

3f(2x)

—3f(2x)

(0, 0)

(0, 0)

(0, 0)

(0, 0)

(1. 1n

&)

G-

4,2)

(2,2)

(2, -6)

(%)

(45

K 9, 3)
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Translate the graph 4 units left and 1 unit down.

Y A
10: .,'y: 3\/5
8- o
6
4_ l'l y=\/.2?—‘>
— bl Jod=t"T"
2 e y=\x
7] X
T T T T T T T T Io T T T T T T T T T
-10-8 -6 —4-2 4 2 4 6 8 10
Vo2
|‘ e
STTHOT
‘\\ —6— \\o\
y=—3\2(x +4) —1\-\8— .
o T y= —342x
—104% 8, imca £l
0\ -

Domain = {x € Rlx = —4}<
{rERly= -1}

Range =

Reflecting

[I did both shifts together. | subtracted 4 from each of
the x-coordinates and subtracted 1 from each of the
y-coordinates of the graph of y = —3V2x.

1.8

f(x) | f(2x) | 3f(2x) | —3f(2x) |-3f(2(x + 4))—1
(0,0) | (0,00 | (0,0 (0, 0) (—4,-1)

1 1 1 1
oG] G2)| G2)| (559)
@2 | 22 | 2.6 | 2 -6 (=2,-7)

1 1 1 1

K(9, 3) (45, 3) (45, 9) (45, —9> (E,—m)

A. How do the numbers in the function f(x) = —3 V2(x + 4) — 1 affect

the x- and y-coordinates of each point on the parent function ?

B. How did Neil determine the domain and range of the final function?

C. How does the order in which Neil applied the transformations compare with

the order of operations for numerical expressions?

D. Sarit says that she can graph the function in two steps. She would do both
stretches or compressions and any reflections to the parent function first and
then both translations. Do you think this will work? Explain.

NEL

Introduction to Functions

[From the final graph, x = —4and y = — 1.
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APPLY the Math

EXAMPLE 2 Applying transformations to the equation
and the graph

. o . . 1
Some transformations are applied, in order, to the reciprocal function f(x) = o

* horizontal stretch by the factor 3

* vertical stretch by the factor 2

* reflection in the y-axis

* translation 5 units right and 4 units up

a) Write the equation for the final transformed function g(x).
b) Sketch the graphs of f{x) and g(x).

¢ State the domain and range of both functions.

Lynn’s Solution

a) g(x) = af[k(x —d)] + ¢ (I buil up the equation from the
transformations.

1
- 2f[—3(x - 5)} +4 A horizontal stretch by the factor 3
and a reflection in the y-axis means
2 - 1
=" 4+ 4 that k = —3.
1
(—3(x - 5)) a = 2, because there is a vertical

stretch by the factor 2.

d = 5 and c = 4, because the
translation is 5 units right and

k4 units up.
b) Graph of f(x):
1Y
4_
2] | sketched the graph of f(x) and
(L) i labelled the points (1, 1) and
T T o < (=1, —1). The vertical asymptote
2 4 . .
is x = 0 and the horizontal asymptote
isy=0.

NEL



/I applied the stretches and reflection
to the labelled points by multiplying
the x-coordinates by —3 and the
y-coordinates by 2.

(1, 1) became (=3,2) and (=1, = 1)
became (3, —2). The asymptotes did
not change, since x and y still couldn’t
be 0.

| made a sketch of the stretched and
reflected graph before applying the
\translation.

~

To apply the translations, 5 right and
4 up, | drew in the translated
asymptotes first.

Since all the points moved 5 right, the
new vertical asymptote is x = 5.

Since all the points moved up 4, the
new horizontal asymptote is y = 4.

Then | drew the stretched and
reflected graph in the new position
after the translation.

| labelled the graphs and wrote the
Kequations for the asymptotes.

o) For f(x), <

Domain = {x € Rlx # 0}
Range = {y € Rly # 0}
For g(x),

Domain = {x € Rlx # 5}
Range = {y € Rly # 4}

NEL

g

| used the equations of the
asymptotes to help determine the
domain and range.

The graphs do not meet their
asymptotes, so for f(x), x cannot be 0
and y cannot be 0. Also, for g(x), x

cannot be 5 and y cannot be 4.
N—

Introduction to Functions
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EXAMPLE 3 Factoring out k before applying transformations
For f(x) = x?, sketch the graph of g(x) = f(—5x + 10).

Stefan’s Solution

g2(x) = f(—5x + 10) < r| wrote g(x) in af[k(x — d)] + ¢
= f[-5(x = 2)] form by factoring out k = —5.
y = f(5x)
il

I graphed y = f(x) and compressed
the graph horizontally by the factor
1. This gave me the graph of

y = f(5x).

I reflected y = f(5x) in the y-axis.
The graph of y = f(—5x) looked
the same because the y-axis is the
axis of symmetry for y = f(5x).

y=(=5x)?
i
ali | |lv=1
él:: ,'I | translated the compressed and
':- '-' reflected graph 2 units right. This
HH gave me the graph of
2l A (=50 = 2)) y=1f-5(x—2)].
il X
—4 2 Y 2 4
_2_
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1.8
EXAMPLE 4 Identifying the equation of a transformed function from its graph

Match each equation to its graph. Explain your reasoning.

1
1. y=—— > 4. y=\V—04(x—4) +3 7.9y=—3(x+1)*+ 4
7030+ 1) J (x = 4) y="3(x+1)
2. y= —4lx+ 20 +1 5. 9= (05(x—4))*+2
3. y= —V3(x+2) -1 6.y=%
A ™ D Ay G Ay
8- 8: 8:
11%(1,5) 4 (=1, 4)
" " (=27 ] ] 7 .
I4I.Ié| I_I!_II_IAISII I_I8I._4I_QIAIéI
4 4
_8_§107*7) 8:
B S E g
8- B
4 4
] X i (1%771) X
I_é I_ Io_ T 4!' T 8I T I_I I_4I. :O_\__‘ T _I_I-I
(=2 =4 T V—

4: Nr:\.(“y 3)
(4,2) x X
|_| |_|4. |Q T !4 T T T I_I8 |_4| |0_ T 4|. T 8| T
_4_ _4_
_8_ _8_

Donna’s Solution

A

Graph A matches equation 6. rGraph Ais like the graph of y = % but it has been

stretched vertically. The point (1, 1) has been stretched to
. . . 5
(1, 5), so the scale factor is 5. The equation really is y = < ﬂ
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Graph B matches equation 3. <

Graph C matches equation 5. <

Graph D matches equation 2.

Graph E matches equation 1.

68
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—

This is the graph of a square root function that has been
flipped over the x-axis, so, in the equation, a will be
negative.

The parent square root graph has been compressed
horizontally or stretched vertically. It starts at (=2, —1)
instead of (0, 0), so it has been translated 2 units left and
\1 unit down. So,c = —2andd = —1.

/Graph C is a parabola, so it has to match equation 5 or
equation 7. Since a > 0, the parabola opens upward,
so the answer can’t be equation 7 and has to be
equation 5.

| checked: The vertex is (4, 2),sod = 4and ¢ = 2.

Graph C is wider than the parent function, so it has been
stretched horizontally or compressed vertically. Equation 5
is the equation of a parabola with vertex (4, 2), that
opens up, and that has been stretched horizontally by the
\factor o= =2

This is the graph of an absolute value function.

A

The parent graph has been reflected in the x-axis,
stretched vertically, and shifted 2 units left and

1 unit up. The equation must havea < —1,d = -2,
¥and c=1.

A

G . 1
This is a transformation of the graph of y = 50 the

answer has to be equation 1 or equation 6. The
equations for the asymptotes are x = —1and y = —2,
sod = —1and c = —2. This matches equation 1.

Also, in the equation, kK = 0.3 means that the parent
graph has been stretched horizontally by the factor 5.
The point (1, 1) on the parent graph becomes (2, 1),
when you multiply the x-coordinate by 5. Then, this point
becomes (4, — 1), when you apply the translations by
subtracting 1 from the x-coordinate and 2 from the

y-coordinate.
\J
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Graph F matches equation 4.

Graph G matches equation 7. <

In Summary

Key Ideas

—

A

graph G.

e You can graph functions of the form g(x) = af[k(x — d)] + c by applying the

appropriate transformations to the key points of the parent function, one at a
time, making sure to apply a and k before c and d. This order is like the order of
operations for numerical expressions, since multiplications (stretches, compressions,
and reflections) are done before additions and subtractions (translations).

When using transformations to graph, you can apply a and k together, then ¢
and d together, to get the desired graph in fewer steps.

Need to Know

The value of a determines the vertical stretch or compression and whether
there is a reflection in the x-axis:

« When lal > 1, the graph of y = f(x) is stretched vertically by the factor lal.
« For 0 < lal < 1, the graph is compressed vertically by the factor lal.

« When a < 0, the graph is also reflected in the x-axis.

The value of k determines the horizontal stretch or compression and whether
there is a reflection in the y-axis: 1
« When Ikl > 1, the graph is compressed horizontally by the factor 7
« When 0 < |kl < 1, the graph is stretched horizontally by the factor I%I
« When k < 0, the graph is also reflected in the y-axis.

The value of d determines the horizontal translation:

» For d > 0, the graph is translated d units right.

« For d < 0, the graph is translated d units left.

The value of ¢ determines the vertical translation:

« For c > 0, the graph is translated c units up.

« For c < 0, the graph is translated c units down.

NEL

Graph G is a parabola that opens down, so it has to
match equation 7 because it is vertically stretched
(narrow) and has vertex at (—1, 4). Equation 7 has
a = —3, which means that the parabola opens down and
is vertically stretched by the factor 3. Also, c = —1 and
d = 4, which means that the vertex is (=1, 4), asin

Introduction to Functions

This is another square root function. The parent function
has been flipped over the y-axis, so k < 0. It has been
stretched horizontally, so —1 < k < 0, and translated

4 units right and 3 units up, sod = 4 and c = 3.
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CHECK Your Understanding

1. Use words from the list to describe the transformations indicated by the arrows.

horizontal x-axis
vertical y-axis A D
stretch factor \ /
compression up - \/i -
reflection down f(X) > / 3x—2)+4 -
translation right 8 \

lefe C

2. Match each operation to one of the transformations from question 1.
Divide the x-coordinates by 3. A
Multiply the y-coordinates by 5. B
Muldiply the x-coordinates by — 1. C
Add 4 to the y-coordinate. D
Add 2 to the x-coordinate. E

3. Complete the table for the point (1, 1).

f(x) | f(3x) | f(—3x) | 5f(—3x) |5f(—3(x—2)) + 4
(1. 1n

PRACTISING

4. Explain what transformations you would need to apply to the graph of

[ , = £(x) to graph each function.
2
a) y=3f(x) -1 o y=f(2x) — 5 e)y=5f(x+3)+1

b) y=f(x—2)+3 d)y=—f<;x>—2 ) y=4f(—-x) — 4

5. Sketch each set of functions on the same set of axes.
a) y=xy=3%y=3(x—2)"+1

b) y=Vix,y=V3x,y=V-3x, y=V-3(kx+1) — 4
1 2

C) y:—,y:g’y:——,)’:— 2 +3
X X X x—1
1 1 1
Q) y=lxhy=pxhy=—xy= —‘2(x+3)‘—2

6. Explain what transformations you would need to apply to the graph of
y = f(x) to graph each function.

) 9 3= ~3((— 1)) -3
b) y=2f(—(x—3)) +1
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10.

1.
12.
13.
14.

15.

16.

17.

NEL

If f(x) = &%, sketch the graph of each function and state the domain and range.
a) y=flx—2)+3 9 y=05((x—4)) — 1

b) y= —f(i(ﬁ 1)) +2

If f(x) = V/x, sketch the graph of each function and state the domain and

range.

a) y=flx—1) +4
b y=f<—;(x+4>)—3

o y=-"2(-(x—2)) +1

If f(x) = Ixl, sketch the graph of each function and state the domain and

range.
a) y=2f(x—3) c)y=—%f(3(x+2))+4
b) y=4f(2(x—1)) — 2

Describe the transformations that you would apply to the graph of f(x) = %
to transform it into each of these graphs.
1 1 1
a) y=_; 9] y=0.5<x> e) y=50
1 2 1
b)}/:;‘i‘z d)y:; f) y:—;

For f(x) = %, sketch the graph of g(x) = f(2x + 6).
For f(x) = Vx, sketch the graph of /(x) = f(—3x — 12).
For f(x) = Ixl, sketch the graph of p(x) = f(4x + 8).

Low and high blood pressure can both be dangerous. Doctors use a special
index, P, to measure how far from normal someone’s blood pressure is. In
the equation P, = |P—Pl, Pisa person’s systolic blood pressure and Pis the
normal systolic blood pressure. Sketch the graph of this index. Assume that
normal systolic blood pressure is 120 mm(Hg).

Bhavesh uses the relationship Time = % to plan his kayaking trips.

Tomorrow Bhavesh plans to kayak 20 km across a calm lake. He wants to
graph the relation 7(s) = 270 to see how the time, 7, it will take varies with
his kayaking speed, s. The next day, he will kayak 15 km up a river that flows
at 3 km/h. He will need the graph of 7(s) = | B 3 to plan this trip. Use

transformations to sketch both graphs.

The graph of g(x) = Vx is reflected across the y-axis, stretched vertically by
the factor 3, and then translated 5 units right and 2 units down. Draw the
graph of the new function and write its equation.

The graph of y = f(x) is reflected in the y-axis, stretched vertically by the
factor 3, and then translated up 2 units and 1 unit left. Write the equation of
the new function in terms of f.

Introduction to Functions
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18. Match each equation to its graph. Explain your reasoning.

3
-4
)y —(x—2)
b) y=2lx— 3-2

o y=—"2Vx+3—-2
d y=(025(x—2)*-3

A y

N
<
—

|

o0
I
N
=)
N

00 -
>\

4
e) yz—;—3

f) y=—05lx+ 4l +2
g y=—-05V] —x+1

1
h) y=—5(x+4)2+1

E
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1.8

19. The function y = f(x) has been transformed to y = af[k(x — d)] + c.
Determine 4, k, ¢, and d; sketch the graph; and state the domain and range
for each transformation.

a) A vertical stretch by the factor 2, a reflection in the x-axis, and a
translation 4 units right are applied to y = V.

b) A vertical compression by the factor 3, a reflection in the y-axis, a
translation 3 units left, and a translation 4 units down are applied to

1
fx) =
o) A horizontal compression by the factor %, a vertical stretch by the factor

3, a translation 1 unit right, and a translation 6 units down are applied
oy = Ixl.

20. If f(x) = (x — 2)(x + 5), determine the x-intercepts for each function.

a) y = flx) ‘)y:A};O
b) y= —4f(x) d y=f—(x+2))

21. List the steps you would take to sketch the graph of a function of the form

y = af(k(x — d)) + cwhen f(x) is one of the parent functions you have
studied in this chapter. Discuss the roles of 4, k, 4, and ¢, and the order in
which they would be applied.

Extending

22. The graphs of y = x” and another parabola are shown.
12 Y
81 |,

a) Determine a combination of transformations that would produce the
second parabola from the first.
b) Determine a possible equation for the second parabola.

23. Compare the graphs and the domains and ranges of f(x) = x* and
g(x) = Vx. How are they alike? How are they different? Develop a
procedure to obtain the graph of g(x) from the graph of f(x).
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Chapter Review

FREQUENTLY ASKED Questions

Q: How can you determine the inverse of a linear function?

Study | Aid
e See Lesson 1.5, Examples A1: The inverse of a linear function is the reverse of the original function. It
1and 2. undoes what the original has done. This means that you can find the
e Try Chapter Review equation of the inverse by reversing the operations on x. For example, if
Questions 10 and 11. f(x) = 3x — 4, the operations on x are as follows: Multiply by 3 and then
subtract 4. To reverse these operatio4ns, you add 4 and divide by 3, so the
x +

inverse function is f ' (x) =

3
Inverse <~

A2: If (x, y) is on the graph of f(x), then ( y, x) is on the inverse graph, so you
can switch x and y in the equation to find the inverse equation. For example,
if f(x) = 3x — 4, you can write this as y = 3x — 4. Then switch x and y
and solve for y.

x=3y—4
x+4=3y—4+4
x+4=3y

+ 4 + 4
al PR the inverse function is £ ' (x) = * -

A3: If you have the graph of a linear function, you can graph the inverse
function by reflecting in the line y = x.

4 410, - 4) The inverse of a linear function is another linear function, unless the original
’ ’
%l function represents a horizontal line.

Q: How do you apply a horizontal stretch, compression, or reflection
to the graph of a function?

Study ‘ Aid
e See Lesson 1.7, Example 1. A:  The graph of y = f(kx) is the graph of y = f{(x) after a horizontal stretch,
e Try Chapter Review compression, or reflection. When £ is a number greater than 1 or less than

Questions 12 and 13. 1
— 1, the graph is compressed horizontally by the factor P’ When £is a

number between —1 and 1, the graph is stretched horizontally by the

1
factor = Whenever £ is negative, the graph is also reflected in the y-axis.
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Chapter Review

You apply a horizontal compression by dividing the x-coordinates of points y

on the original graph by 4. For example, to graph y = V3x, graph y = Vi 4. (3,3) Y= \/5()/ I

and then divide the x-coordinates of the points (0, 0), (1, 1), (4, 2), (9, 3) by —(%: 2)

3 (or multiply by 3) to get the points (0, 0), (3, 1), (3, 2), (3, 3) on the il ]2): 4,2) (93)

transformed graph. 3 ot (1, 1,) T 5
-2 Y 2 4 6 8 10

When £ is negative, you also reflect the graph in the y-axis. For example, —21

y= V= 3x.

y=v\—3x
—10 —8
Q: How do you sketch the graph of y = af[k(x — d)] + c when you Study | Aid

have the graph of y = f(x)?

e See Lesson 1.8, Examples 1,

A1: You can graph the parent function and then apply the transformations 2, and 3.
one by one, starting with the compressions, stretches, and reflections and o Try Chapter Review
leaving the translations until last. For example, to sketch the graph of Questions 14 to 18.

1
y = 3f(6 — 2x) — 5 when f(x) = ~» begin by putting the equation

into the form y = af[k(x — d)] + ¢ by factoring. This gives
y = 3f[—2(x — 3)] — 5. Then identify all the transformations

you need to apply:
* 4 = 3 means a vertical stretch by the factor 3.
* k= —2 means a horizontal compression by the factor 5 and

a reflection in the y-axis.
* 4 = 3 means a horizontal translation 3 units right.
® ¢ = —5 means a vertical translation 5 units down.

A2: You can graph the function in two steps: Apply both stretches or
compressions and any reflections to the parent function first, and then
both translations.

NEL Introduction to Functions
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PRACTICE Questions

Lesson 1.1

1. For each relation, determine the domain and range
and whether the relation is a function. Explain your

reasoning.
a) {(=3,0),(—1,1),(0,1), (45), (0,6)}
b) y=4—x
©) Ny

4

24

T X

|_4| I_I I_ T i T 4!. T
— 2

d) x2+)/2=16

2. What rule can you use to determine, from the graph
of a relation, whether the relation is a function? Graph
each relation and determine which are functions.

a) {(—=2.1),(1,1),(0,0), d x*+y*=1
(1, =1), (1, =2), (2, =2)}

b) y=4— 3«
o y=(x—2)+4

e y=

gx\h‘

f) y=Vx

3. Sketch the graph of a function whose domain is the
set of real numbers and whose range is the set of real
numbers less than or equal to 3.

Lesson 1.2
4. If f(x) = x* + 3x — Sand g(x) = 2x — 3,
determine each.
a) f(—1)
b £(0) 9 (1 - 4a)

o g(;) f) xwhen f(x) = g(x)
5. a) Graph the function f(x) = —2(x — 3)* + 4,

and state its domain and range.
b) What does (1) represent on the graph?
Indicate, on the graph, how you would find

).

d) £(26)

76 Chapter 1

6.

¢) Use the equation to determine each of the
following.
) f3) — A2)
i) 2/(5) + 7

i) £(1 — x)

If f(x) = x> — 4x + 3, determine the input(s) for x
whose output is f(x) = 8.

Lesson 1.4

7.

8.

9.

A ball is thrown upward from the roof of a building

60 m tall. The ball reaches a height of 80 m above

the ground after 2 s and hits the ground 6 s after

being thrown.

a) Sketch a graph that shows the height of the ball
as a function of time.

b) State the domain and range of the function.

¢) Determine an equation for the function.

State the domain and range of each function.
a) flx) =2(x—1)*+3
b) f(x) = V2x+ 4

A farmer has 540 m of fencing to enclose a
rectangular area and divide it into two sections as
shown.

a) Write an equation to express the total area
enclosed as a function of the width.

b) Determine the domain and range of this arca
function.

¢) Determine the dimensions that give the
maximum area.

Lesson 1.5
10.

Using the functions listed as examples, describe three
methods for determining the inverse of a linear
function. Use a different method for each function.

D fx)=2-5 9 flx) =4—%x
x+ 3
7

b) f(x) =

NEL



11. For a fundraising event, a local charity organization
expects to receive $15 000 from corporate sponsorship,
plus $30 from each person who attends the event.

a) Use function notation to express the total
income from the event as a function of the
number of people who attend.

b) Suggest a reasonable domain and range for the

function in part (a). Explain your reasoning.

o) The organizers want to know how many tickets

they need to sell to reach their fundraising goal. 15.
Create a function to express the number of
people as a function of expected income. State
the domain of this new function. 16.
Lesson 1.7
12. In each graph, a parent function has undergone a
transformation of the form f(4x). Determine the
equations of the transformed functions graphed in 17.
red. Explain your reasoning.
a) 4
8_
4
. X
|_|8 |_4| T 0_ T 4!. T é T
_4_
b)
18.
19.

13. For each set of functions, transform the graph of

f(x) to sketch g (x) and 4 (x), and state the domain
and range of each function.
1

0 00 =g = (5] 5 = ~29°

b) f(x) = Ixl, g(x) = |—4xl, h(x) =

Z.X'

NEL

14. Three transformations are applied to y = x

Chapter Review

Lesson 1.8

%a

vertical stretch by the factor 2, a translation 3 units

right, and a translation 4 units down.

a) Is the order of the transformations important?

b) Is there any other sequence of these
transformations that could produce the same
result?

The point (1, 4) is on the graph of y = f(x).
Determine the coordinates of the image of this point

on the graph of y = 3f[—4(x + 1)] — 2.

a) Explain what you would need to do to the graph
of y = f(x) to graph the function
y=—2AGx+4)] - 1.

b) Graph the function in part (a) for f(x) = x*.

In each case, write the equation for the transformed

function, sketch its graph, and state its domain and

range.

a) The graph of f(x) = Vxis compressed
horizontally by the factor 3, reflected in the y-axis,
and translated 3 units right and 2 units down.

1
b) The graphof y = ” is stretched vertically by the

factor 3, reflected in the x-axis, and translated
4 units left and 1 unit up.

If f(x) = (x — 4)(x + 3), determine the

x-intercepts of each function.

1
D y= 1) o y=1(-3)
b) y= —2f(x) d y=f=(=+1)
A function f(x) has domain {x € RIx = —4} and
range { y € R1y < —1}. Determine the domain
and range of each function.
a) y=2f(x) o y=3f(x+1)+4
b) y=f(—x) d y=-2(—-x+t5)+1
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Chapter Self-Test

1. For each relation, determine the domain and range and whether the relation
is a function. Explain your reasoning.

\
- a) The function shown at the left. b) y=Vx+2

2. An incandescent light bulb costs $0.65 to buy and $0.004/h for electricity to
run. A fluorescent bulb costs $3.50 to buy and $0.001/h to run.
a) Use function notation to write a cost equation for each type of bulb.
b) State the domain and range of each function.
¢ After how long is the fluorescent bulb cheaper than the regular bulb?
d) Determine the difference in costs after one year. Assume the light is on

for an average of 6 h/day.
3. Determine the domain and range of each function. Show your steps.
1
a) f(x)=72 o flx)=—-Ix+1+3
. —

b) f(x) =V3—x—4

4. Explain what the term inverse means in relation to a linear function. How are
the domain and range of a linear function related to the domain and range of
its inverse?

5. For each function, determine the inverse, sketch the graphs of the function and
its inverse, and state the domain and range of both the function and its inverse.

a) {(=2.3),(0,5),(2,6), (4 8)} b) flx) =3 — 4x

6. At Phoenix Fashions, Rebecca is paid a monthly salary of $1500, plus 4%
commission on her sales over $2500.
a) Graph the relation between monthly earnings and sales.
b) Use function notation to write an equation of the relation.
o) Graph the inverse relation.
d) Use function notation to write an equation of the inverse.
e) Use the equation in part (d) to express Rebecca’s sales if she earned
$1740 one month. Then evaluate.

7. The function y = f(x) has been transformed to y = f(kx). Determine the
value of & for each transformation.
a) a horizontal stretch by the factor 5
b) a horizontal compression by the factor 5 and a reflection in the y-axis

8. The function y = f(x) has been transformed to y = af[k(x — d)] + .
Determine a, k, d, and ¢; write the equation; sketch the graph; and state the
domain and range of each transformed function.

a) vertical compression by the factor 3, reflection in the y-axis, and
translation 2 units right, applied to y = Vx
b) vertical stretch by the factor 4, reflection in the x-axis, translation 2 units

left, and translation 3 units down, applied to y =

©) horizontal compression by the factor %, vertical stretch by the factor %,
reflection in the x-axis, translation 3 units right, and translation 2 units
down, applied to y = x|
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Chapter Task

Functional Art

Parts of transformed parent functions were used to make this cat’s face on a
graphing calculator. The functions used are listed in the table that follows.

NEL

—6.58 = X = 6.58, Xscl 1
—62=Y=6.2,Yscl1

Feature Function Domain
ears y=—-12x-51+6 1=x=4
y=—l-2x—-51+6| —4d=x=—1
topofhead | y= —x2+ 4 —1=x=1
chin y = > _ -4=x=0
X+ 5
5
= — < <
Y= s O=x=4
y=-V4—-2x+2 1=x=3
eyes y=-Va4-—2x+2 | 3=x=-—1
y=01x*-2 —5=x=5
whiskers y=10.03x* -2 —5=x=5
y = —0.25IxI — 2 -5=x=5

How can you use transformations of parent functions to create
other pictures?

Re-create the cat’s face on a graphing calculator. Begin by putting the
calculator in DOT mode. Then enter each function listed in the table, along
with its domain. The first three entries are shown.

Describe how transformations were used to create the cat’s features. For each
feature, describe

* which properties of the parent function were useful for that feature

* which transformations were used and why

* how symmetry was used and which transformations ensured symmetry

Create your own picture, using transformations of the parent functions

1
f(x) = x% flx) = Vi, y = » and f(x) = IxI. You must use each parent
function at least once.

List the parts of your picture, the functions used, and the corresponding
domains in a table. Explain why you chose each function and each
transformation.

Flohl Flohz Floh:

=% By —abs (250 +
B Ol anadl
~MeBY -absr -ZR-30

BRI St S )

SEL 4D (0 -1
[ B

)]
=
Ha

Task | Checklist

v/ Did you use each parent
function at least once?

v/ Did you list the transformed
functions and the
corresponding domains?

v/ Did you explain why you
chose each function and
each transformation?

v/ Did you describe the
transformations in
appropriate math language?
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Chapter

1

7. a) Translate down 2 units

b) Reflect in x-axis, then vertical

y stretch, scale factor 4, then
Getting Started, p. 2 4 translate up 3 units
1. a) —2x+ 8 b) 16x*—y> ¢ —x*+ 2 d) 2x* + 16x 24 41 ;: —4x%+3
2. a) —46 b) 119 o —7 d) 66 ] X /l
3. ax=3 b) x=—-2 ¢ y=-3 d)x=-2 '—Al—lzg)\_'ilal g %
4 9 1y b) 1y “ly=x-2 4 202 4
o \ 4] 2
] y=2x—3 J N ]
B SN Gx+dy=12 4]
X
T -O T/ T T T T T 7T N X 6
=2——f2146 o T TN
—24 —2 % 2 46 1
—2- ©) Vertical compression, scale factor > then translate right 1 unit and
7}: _4: down 4 units ]
y =§(x — 1)2 —4
5. a) b) 6]Y
Ty Ty J
4 X2+ yZ =9 4: 4:
o 32+ 3y2=12 N
7 X '\ X T X
TR TR A |
_2_ —
74_ _4_
6. a) R 9 . d) Reflect in x-axis, then vertical stretch, scale factor 2, then translate
3y (—4,2) 1X=—4 left 3 units and up 5 units
81 ' 21
H 4 Ty
IxXE0 1 X
44 T T 110 o 8
4 - —8 =614 12 y==2(x+3)"+5 ]
—_—— |2 /\4-
Ty of 1 . J
H I e 5
G Ayl ranaIREACE
_8J(o: —6) : —61
3 T
v 1
b) ):=(x—2)2—1 d) P 1x=3
LT ] 1 469 g
1 8] i 8 a) x=2o0r3 b) x = *5 @
1 1 ty< —x2 + 6x [T . . . E
4 ! 4 ' 9. Similarities: none of the equations for the relations involve powers
Tt i 1 higher than 2. Differences: linear and quadratic relations assign one 2
2: ! I I i 1 "1 ! I 8 y-value to each x-value, but circles may assign 0, 1, or 2 y-values; w0
! f ¢t 5 —4/ : the relations have different shapes and model different types of
0 . 1 . .
113 i'l 6 8 1 problems; linear relations may only enter 2 or 3 quadrants;
] l( ~TH quadratic equations must enter at least two quadrants.
Property Linear Relations Circles Quadratic Relations
Equation(s) y=mx+c x—h?+y—k?=r*|y=a’+bx+c
orAx+ By =C ory=a(x— h)?+k
Shape of graph Straight line Circle Parabola
Number of quadrants 2or3 1,2,3,0r4d 2,3,0r4

graph enters

Descriptive features
of graph

Slope is constant;
crosses each axis
at most once

Graph has upper and
lower parts

Graph has a single lowest or
highest point (vertex); crosses
y-axis once, x-axis 0, 1, or 2 times

Types of problems modelled

by the relation

Direct and partial
variation

Constant distance from
a point

Some economic functions;
motion of a projectile; area

Answers
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Lesson 1.1, pp. 10-12 grades, credits:

1. a) Function; each x-value has only one y-value 24 1 k4

b) Not a function; forx = 1,y = —3and 0 %é:
¢) Not a Function; forx = 0,y = 4and 1 18- .
16 *
14+
124
101
84 °
6 -
y-value. For x = * — 5y, each x-value gives a quadratic equation in , 4
which may have two solutions. 24 X

4. a) {(Barbara, 10), (Pierre, 12), (Kateri, 11), (Mandeep, 11), (Elly, 10)} [ '5 T 'IIO o

Grades

d) Function; each x-value has only one y-value

ts

2. a) Nota function ¢) Function e) Function
b) Not a function d) Not a function f) Not a function
3. y=066;y=2or3;Fory= ** — 5x, each x-value gives a single

Cred

students, credits:

PYH R

22-
20
181 .

£ 16 o

T T T T T
@ @ & RN

(o'z’ q-\é *_,5@ bze’ S
%’b Q,é‘

Students

6. y = 3: horizontal line; function (passes vertical-line test).
x = 3: vertical line; not a function (fails vertical-line test)

7. a) Linear, function ¢) Quadratic, function
1y Y
i =-3 2 2
b) students, grades: domain = {Barbara, Pierre, Kateri, 8_ y 4(X B/l X
Mandeep, Elly}, range = {10, 11, 12} grades, credits: \6\- T T L1/ T2 T
. —8 —6 #4 —2
domain = {10, 11, 12}, range = {8, 15, 16, 18, 25} students, AN 5 — 2x
credits: domain = {Barbara, Pierre, Kateri, Mandeep, Elly}, i
range = {8, 15, 16, 18, 25} 21
¢) Only grades-credits relation is not a function; it has repeated range i [TINTTTTX
values for single domain values. of 1 2 \ 4
5. students, grades:
y b) Quadratic, function
12 ]
e o Ty
10 ° . 4
_g 8 24
O 67 LN A
Ly la xz- / 2 4
4 _5
y=2x2—3
21 —41
X i
> @ {l <Iz \;\
(o'z" Q\e‘é %7’,@ b?f‘ <&
%’b V‘\,b(\
Students

618 Answers



8. a) i) 125275 ii) £2;0 i) 23—2 iv)0; =\2
b) Functions: (i), (iii)
¢) Graph relation and apply vertical-line test, or solve equation for y
and check for multiple values
9. Functions: (a), (b), (d)
10. Not a function; for example, when x = 6, y = 2 or —2; graph fails
vertical-line test
11. Functions: (a), (b)
12. a) domain = {x € R|x = 0}, range = {y € R|y = 44}
b) Distance cannot be negative, cost cannot be lower than daily rental
charge.
©) Yes, it passes the vertical line test.

13. a) Answers may vary; for example: b) Answers may vary; for example:

1y ‘\y

14. Answers may vary; for example:

Characteristics:

A vertical line crosses the graph in at
most one place

G

Definition:
A relation with only one y-value for
each x-value

unction
Examples: \_/ Non-examples:
3x+y=2 x2+y?=16
y=—22+7 y=t\x—7

15. a) Each order quantity determines a single cost.
b) domain = {x € R|x = 0}, range = {y ER |y = 0}

<) y

Cost ($)

X

T T T T T T T T T T
0 100 200

Quantity (kg)

d) Answers may vary. For example, the company currently charges
less for an order of 100 kg ($350) than for an order of 99 kg
(8396). A better system would be for the company to charge
$50 plus $3.50 per kilogram for orders of 100 kg or more. This
would make the prices strictly increasing as the weight of the order
increases.

Lesson 1.2, pp. 22-24

1. a) —4 c) 14 e) 2 — 3a

b) 2 d)% £)2— 9%

g

10.

11.

12.
13.
14.
15.

16.

17.

a) 2 b) 4 c) —5 d) —3o0r—4
a) f(x) = 1200 — 3x
b) 840 mL ©) 3:10 pm
a) 8,0, —0.75 b) —5, —25, 2.5
) — b) undefined ¢ - d 22
a) —— undefine, o — —

6 3 3
a) domain = {—2,2,3,5,7}, range = {1, 2,3, 4,5}
b) i) 4 ii) 2 iii) 5 iv) —2
a) 2a— 5 b) 26— 3 c)6c—7 d)—10x—1
D | o Pelt)

0 s 201

15: 8(t)=3t+5
1 8 b
101
2 11 ‘);
3 14 | T T T T t
o 1 2 3 4

4 17

5 20
b) i) 5 ii) 14 iii) 3 iv) 3 v)3 vi) 3
2 I P

0 9

1 4

2 1

3 0
b) i) 9 ii) 4 iii) 1 iv) 0 v) 2 vi) 2

¢) They are the same; they represent the second differences, which are
constant for a quadratic function.

a) 49

b) The y-coordinate of the point on the graph with x-coordinate —2

¢) domain = {x € R}, range = {y ER|y = —1}

d) It passes the vertical-line test.

)2 b)04 08 d %

a) f(x) = 0.15x + 50  b) $120.80 ¢) 200 km >
a) f(x) = (24 — 3x)x  b) 45, —195, —60 ) 48 3
F(x) = 0.0036x(281 — x) ‘é’
a) flx)=3(x — 12— 4 o)
=2
y (7]

2

X
R I R
-2
—4

b) The y-coordinate of the point on the graph with x-coordinate —1;
start from — 1 on x-axis, move up to curve, then across to y-axis

i3 )9 i) 3x’ — 4

a) 3, =5 b) 1, -3 o1
1 1

Q) b) 5 1

Answers
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18.

19.
20.

Answers may vary; for example: f(x) is defined as equal to an
expression involving x, for each x-value in the functions domain;
Advantages: function notation connects input with output; we can
write expressions involving more than one function; the graph of f(x)
is the set of all points (x, f(x)) for which x is in the domain. Student
examples will vary. Change student examples will vary to: Function
notation makes relations clearer, for example, 7(d) = 11 + 0.0154

helps show that the temperature depends on the depth.
2 1 2 1

=—x+ 10 b —, 126—, 153—, 180
a) f(x) P ) 733 3 533

a) 8,27, 64,125,216 b) cube of x or x*

Lesson 1.3, p. 28

1.

"o =%
4_
2 f(x)=x
1 X
=7 3 i
—4
~

Both graphs lie in quadrants 1 and 3; graph of g(x) is in two curved
parts, and does not intersect axes. Vertical asymptote of g(x): x = 0;
horizontal asymptote of g (x): g(x) = 0.

6_}’ f(x) = x2
4-
21 p/8lx)=Ix
1 X
BERNEENDN
72.

Both graphs lie in quadrants 1 and 2; graph of f(x) curves, but graph
of g(x) is formed by two straight half-lines.

Graph of g(x) is reflection of graph of f(x) in graph of 4(x).

Lesson 1.4, pp. 35-37

1.

620

a) domain = {1900, 1920, 1940, 1960, 1980, 2000},
range = {47.3, 54.1, 62.9, 69.7, 73.7, 77.0}
b) domain = {—5, —1, 0, 3}, range = {9, 15, 17, 23}
¢) domain = {—4,0, 3, 5}, range = {— 1,0, 3,5,7}
a) domain = {0, +2, =4, =6, =8, +10},
range = {—8, =7, —6, =5, —4, —2,0, 4, 8}
b) domain = {x € R}, range = {y € R}
¢) domain = {x € R}, range = {y ER|y = —8}

Answers

wAhw

10.

1.

d) domain = x ER| -6 = x =6},
range = {yER| -6 =y =6}

e) domain = {x ER|x =6}, range = {y ER|y = —2}

f) domain = {x € R|x = —10},
range = {yER|y=—6,—-2 =y<2,y=4}

L. (a), (b); 2. (b), (), (e), ()
domain = {x € R}, range = {y ER |y = —3}

a) Even at masses when the price changes, a single price (the lower
one) is assigned. It would not make sense to assign two or more

prices to the same mass.
b) domain = {x € R| 0 < x = 500},
range = {0.52, 0.93, 1.20, 1.86, 2.55}

Speed Time
(km/h) (h)
1 15.0
2 7.5
3 5.0
ol "5 10 15 20" 4 3.75
Graph passes vertical line test; > 3.0
domain = {» € R| v > 0}, 6 2.5
range = {t E R| > 0}
2) 8 1.875
Ty
8 DRI 10 1.5
41 15 1.0
1 X
B ORI EDY FN 20 0.75
74_
_8_

b) domain = {x ER| =6 = x = 6},
range = {yER|-6=y =6}

¢) No; fails vertical line test

V(¢) = t; domain = {r € R| 0 = ¢ = 2500},
range = {VE R| 0 = V = 2500}

a) domain = {x € R}, range = {y E R}

b) domain = {x € R}, range = {y E R|y = 4}

¢) domain = {x ER|x = 1}, range = {y ER |y = 0}

d) domain = {x € R}, range = {y ER|y = —5}
e) domain = {x € R}, range = {y € R}

f) domain = {x € R|x = 5}, range = {y ER |y = 0}

a) h
50717 h=—5t2+20t+25

40+

301

20

101
1 T
O 1 2 3 4 5

b) domain = { ER|0 = ¢ = 5}, range = {h ER| 0 = ) = 45}

o h = =52 + 20t + 25
a) domain = {x € R}, range = {y € R}

b) domain = {x ER|x =2}, range = {y ER|y =0}




¢) domain = {x € R}, range = {y ER |y = —4}
d) domain = {x € R}, range = {y ER |y = —5}

12. a)
—
I
domain = {x € R|x = 3}, range = {y ER |y = 2}
l:.)-
I
domain = {x € R}, range = {y E R |y = —2.25}
| -
I
domain = {x € R|x # 0}, range = {y € R|y> 0}
d)

~1

domain = {x ER|x = V5, x=V5},
range = {y € R|y = 0}

13. a) A= (450%3”%

b) domain = {w € R| 0 < w < 150},
range = {A E R|0 <A = 8437.5}
¢ /=1125m,w=75m

14. a) {—14, —3.5,4,7, 13} b) {1, 6, 28, 55}

15.  The domain is the set of x-values for a relation or function; the range is
the set of y-values corresponding to these x-values. Domain and range are
determined by values in x-column and y-column; x-coordinates and
y-coordinates of graph; x-values for which relation or function is defined,
and all possible corresponding y-values. Students’ examples will vary.

16. a) Answers may vary; for example:  b) Answers may vary; for example:

41y
Ty=—x2+2
\ N
UBRERVE

17.

a) A= x"+ (10 — x)? or 2x* — 20x + 100
b) domain = {x ER| 0 = x = 10},
range = {4 € R|50 = A = 100}
o P=4Vx*+ (10 — x)? or V2x* — 20x + 100
d) domain = {x ER|0 = x = 10},
range = {PER|N%PS40}
90

Mid-Chapter Review, p. 40

1.

a) Not a function

b) Function; each x-value goes to a single y-value

¢) Function; passes vertical line test

d) Not a function

e) Function; each x-value determines a single y-value
f) Function; each x-value determines a single y-value
¥ty =4

flx)=—2(x+1)2+3

b) =5
¢) y-coordinate of the point on the graph with x-coordinate —3
d) i) —6 i) —50 iii) —2(3 —x)*+ 3

a) f(x) = (20 — 5x)x  b) 15, —25, —105 ) 20

Answers
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a) y domain = {x € R},
4 range = {y ER |y = 0}
31 [ =x
2_

domain = {x € R|x # 0},
range = {y € R|y # 0}

domain = {x € R|x = 0},
range = {y € R|y = 0}

d) y domain = {x € R},
4 range = {y € R|y = 0}
31 fx =1
2.

Ly L3ol 1315
_'I_

a) domain = {1, 2, 4}, range = {2, 3, 4, 5}
b) domain = {—2,0, 3,7}, range = {—1, 1, 3, 4}
¢) domain = {—4, —3,-2,—-1,0,1,2,3,4,5},
range = {—4, —3,—-2,-1,0,1,2,3,4,5}
d) domain = {x € R|x = —3}, range = {y € R}
e) domain = {x € R}, range = {y ER |y =5}
f) domain = {x € R|x = 4}, range = {y ER |y = 0}

— 4
D A= <600 : w)w

b) domain = {w € R| 0 < w < 150},
range = {A € R| 0 < A4 = 11 250}
¢ /[=150m,w=75m
a) domain = {x € R}, range = {y ER |y =5}
b) domain = {x € R}, range = {y ER |y = 4}
o) domain = {xER| -7 =x=7},
range = {yER|-7=y=7}
d) domain = x ER| -2 =x=06},
range = {yER|1 =y =9}

Lesson 1.5, pp. 46-49
1. a) {(3,-2),(4,0),(52), (6, 4)

617 o
E °
4+ °
o
24 °
T X
MRS RE AP AR
—2 °

—4

Both relation and inverse relation are functions.
{(5:2), (=1,2), (1, 3), (1, 5)}
61

1 oo
4
4 e

q.

b

=

APRE NI RE PR
_2.

_4.

Both relation and inverse relation are not functions.

™M1 4
4-
1 L ] L ]
2 °
] e A
BRERORERPE
° —2
Pl
_4-
o
Function, point (1, 1) Function, point (—2, —2)
is common is common
b
) Lty
o 4
o
o 24
11 X
BEESIBERDE
o009 00000
o
—4-

Not a function, point (=2, —2)
is common

f)

is common

Function, point (1.25, 1.25)

622 Answers

Function, point (0.25, 0.25) is
common

Function, all points are
common. The function and
its inverse are the same graph.



a) No
) _xt3
a) y 7

b) y=2(2—x)
a) [l (x) =x+4

b £ =5

- _ 1
o f (x)fix
a) fllx) =x—7
b) fl(x) =2 —x
) x=5

Question 5.

a) d)
%

y=x+4 2:

b) Yes

6 — 4
y= 3x
d)y:nglo
& £ =20+ 1)
67
9 f0) =T

D W =5

d F(x) = -5(x+2)
e f(x) =x
£) fi(x) =d4x+3

AT
&

Function, linear

b)

©)

Function, linear

Question 6.

a) y b)
8:/;” 7

Function, linear

H y

4

_3x
nT43%a y
EZaay
_2-
/ 3

Function, linear

Function, linear

Function, linear
The function and its inverse
are the same graph.

©)

=

a,

b

~

y € y

] x=5 ]

yes 81 81

4 4

] i ]
o I R

—4 4

_8- _8-

Function, linear

The function and its inverse

are the same graph.

f)

Function, linear

Function, linear

{2, =1), (4,1),(6,2), (8,3)}
g1y o

A

4 o

@ )

4 ° x
ST 6
—2

Function: domain = {—1, 1, 2, 3}, range = {2, 4, 6, 8};
inverse: domain = {2, 4, 6, 8}, range = {—1, 1, 2, 3};
domain, range are interchanged

{(6,=4), (3, =2), (8,1), (8,5))
8 yo °

SRS NIRERPRPAR

Function: domain = {—4, —2, 1, 5}, range = {3, 6, 8};
inverse: domain = {3, 6, 8}, range = {—4, —2, 1, 5};
domain, range are interchanged

Answers
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9.

624

Function: domain = {x € R}, range = {y € R};
inverse: domain = {x € R}, range = {y € R};
domain, range are identical for both
d) {(=3,-4),(=2,-3),(=2,-2), (=2, 1), (=1,0), (=1, 1),
(0,2),(1,3), (2,4), (1,5}

6_ y
1 e

44 o
4 e

24 °

® 4 L 2 .X
T

PEEAUSE NS
° o9
. o

o —4-

Function: domain = {0, =1, *2, *3, *4, 5}, range = {0, =1, *2,
—3}; inverse: domain = {0, £1, =2, — 3}, range = {0, £1, 2,
*+3, £4, 5}; domain, range are interchanged
B ) =T
5
b)

4
f—'l(x)= X;22_
N

P S W)
-2

¢) Function equation is linear in x; or, graph is a straight line.

11
I (2’ 2
e) Slopes are reciprocals of each other.
fg'(x)=26-%
Ty

g '(=23-1x

gl = —5x+3

T
of "3 \4} 6
Function equation is linear in x, or, graph is a straight line;

x+ 1
2

(2, 2); slopes are reciprocals of each other. /™' (x) =

Answers

10.
11.
12.

13.

14.

o

Function equation is linear in x, or, graph is a straight line;
(1, 1); slopes are reciprocals of each other. ™' (x) = 6 — x

Function equation is linear in x, or, graph is a straight line; all
points on graphs; slopes are equal. g™ is the relation x = 2

Ty

8] q hx=2

6-

,]

o q(x)=2
“- X

o724 6 8"

In this case, qil is not a function, but its graph is a straight line;
(2, 2); slopes are 0 and undefined.
a) 37 b) 19 < 3 d 5
o) isslopeof g(#);  f) isslope of g~ '(#)
a) f(x) = 2x + 30
b) Subtract 30, then halve; a Canadian visiting the United States

9 £1(x) = 3 = 30)
d) f(14) = 2(14) + 30 = 58 °F

03 f)%

e £1(70) = %(70 —30) =20°C

a) Multiply by 10, then divide by 4
b) A Canadian visiting the U.S.

4 10
9 () =158t =
@ g15) =12 — 6in
e g (70) = 10(4770) = 175cm

y = 0.38x + 0.49



15.

16.
17.
18.

19.
20.

a) y

120 =322+ 0.05(x — 1000)
100
80

Q- rrrrr T T T T T 7T

1000 2000 3000
Sales ()

b) £(x) = 32.2 + 0.05(x — 1000)
c) y
30001

2500

y =20(x — 32.2) + 1000

2000

Sales ($)

1500 A
1000 A
500

X

[

50

Pay ()
d) £1(x) = 1000 + 20(x — 32.2)
e) f1(420) = 1000 + 20(420 — 32.2) = $8756
Because (1, 2) cannot belong to £, as well as (1, 5).
k=2

Definition: Methods:

Inverse of a function Switch x and y and solve for y

of form f(x) =mx + ¢ Take reciprocal of slope,
switch x- and y-intercepts

Examples: N Function _~ Properties:
fx)=3x+2,F () = X532

3
_ 2 7 Graph is straight line
80=352 ~ 50,87 = § ~ 55x ph streig

Has form f'(x) =mx +corx=c

Answers may vary; for example: y = x5 = —xy = 1— x

(f) () =3x+ 4

Lesson 1.6, p. 51

1.

a) Upper half-parabola, opening right, vertex at (1, 2)

b) V-shape, opening up, vertex at (1, 2)

¢) Hyperbola, asymptotes x = 1 and y = 2, graph lying to upper
right and lower left of asymptotes

a) Graphofy = Vxis upper half, graph of y = —Vx lower half of
parabola opening right.

b) Graph of y = |x| opens up, graph of y = —|x| opens down.

1
¢) Graph of y = — lies to upper right and lower left of asymptotes,
x

1
graph of y = - lies to lower right and upper left.

a) Graphofy = 2V x is narrower (steeper) than graph of y = V.
b) Graph of y = 2|x] is narrower (steeper) than graph of y = |x|.

2 1
c) Graphofy = ” is narrower (steeper) than graph of y = —

X

4. Answers will vary. For example,

Lesson 1.7, pp. 58-60

1. a) y= (3x)* b)y=\/—%x

2. a) y = |x|; horizontal stretch )
factor 2
Ty
8_
6
{4 y=HK
4_
2_
y =10.5x| J X
BRERRERSE

b) y = x?% horizontal stretch d)

factor 4

~4 —2 0

3. a) (15,4) b) (6,4 o (9.4)
4. a b)

y= \/;; horizontal

1
compression factor 5

and reflection in y-axis

Ty

8_

6_
y=m4:

J L

2 y

\ X
BEENRESEE

1
= —; horizontal
YT

1
compression factor 3

Horizontal compression

1
factor > (0, 0); horizontal

compression factor %, (0,0)

d) (—0.75,4)

1y

8.

6 y =V4x

4: y =\3x
24 y=\/}

1 X
O 274768 10

Horizontal compression

1
factor 3 (0, 0); horizontal

compression factor %, (0,0)

Answers 625
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a)

b)

626

Horizontal compression

factor 5, no invariant points;

horizontal compression factor 3

no invariant points

y=(=5) y=(-2

Horizontal compression factor
% and (optional) reflection

in y-axis, (0, 0); horizontal
compression factor é and

(optional) reflection in

y-axis, (0, 0)

y=vY=3x

BERNCAESDE

Horizontal compression factor
1 Lo .
3 and reflection in y-axis,
(0, 0); horizontal

. 1
compression factor n and

reflection in y-axis, (0, 0)

Answers

>

©

d)

Horizontal compression

1
factor g, (0, 0); horizontal

1
compression factor g, (0,0)

Horizontal compression factor

— and reflection in y-axis,

2

no invariant points; horizontal
. 1

compression factor 3 and

reflection in y-axis,

no invariant points

y=1=5 y=|-3x|

Horizontal compression factor
1
3 and (optional) reflection in
y-axis, (0, 0); horizontal

. 1
compression factor 5 and

(optional) reflection
in y-axis, (0, 0)

a)

a)

—4 20 "2 4

Horizontal stretch factor 2,
(0, 0); horizontal stretch
factor 3, (0, 0)

2 4 6 8 10

)

Horizontal stretch factor 2,
(0, 0); horizontal stretch
factor 3, (0, 0)

—4 -2 0f 2 4

Horizontal stretch factor 2 and

(optional) reflection in y-axis,
(0, 0); horizontal stretch

factor 3 and (optional) reflection
in y-axis, (0, 0)

*élaloiltlilél

_ [
y="3x

Horizontal stretch factor 2 and
reflection in y-axis, (0, 0);
horizontal stretch factor 3

and reflection in y-axis, (0, 0)

d)

1
y=lgx

Horizontal stretch factor 2,

no invariant points;
horizontal stretch factor 4,
no invariant points

8-

—4 20 "2 4

Horizontal stretch factor 3,
(0, 0); horizontal stretch
factor 5, (0, 0)

Horizontal stretch factor 2
and reflection in y-axis, no
invariant points; horizontal
stretch factor 4 and reflection
in y-axis, no invariant points

'| B
y=l-5d °]

—4 -2 0 "2 4

Horizontal stretch factor 3 and
(optional) reflection in y-axis,
(0, 0); horizontal stretch factor
5 and (optional) reflection in
y-axis, (0, 0)



8. a) g(x) = |3«
dg(x) =V -3

9. a) domain: {/ € R|/ = 0}; range: {t €E R| = 0}

bew = 0g = (3

b
6 t(h) = vh
1 h
; )=/
2-
b h
A AENENEEEEE

f(x): domain = {x € R}, range = {y E R|y = 0};
¢(x): domain = {x € R}, range = {y ER|y = 0}
h(x): domain = {x € R}, range = {y ER |y = 0}

b) y

L4020 727,

f(x): domain = {x € R|x = 0}, range = {y ER|y = 0}
¢(x): domain = {x € R|x = 0}, range = {y ER |y = 0};
h(x): domain = {x € R|x = 0}, range = {y ER |y = 0}

f(x): domain = {x € R|x # 0}, range = {y E R|y # 0}
2(x): domain = {x € R|x # 0}, range = {y E R|y # 0}
h(x): domain = {x € R|x # 0}, range = {y € R|y # 0}

11.
12.

13.

14.

15.

D g=1-20  fx)= x|

1
b =11
¢(x): domain = {x € R}, range = {y E R|y = 0}
h(x): domain = {x € R}, range = {y € R|y = 0}

a)% b) 2 o —1 d) —5

2
a) 1.5, —1 b) 9, —6 <) 71,5

1

a) For k> 1, effect is a horizontal compression with scale factor 7
1

for 0 < k < 1, a horizontal stretch with scale factor Z; for £ < 0,

reflection in the y-axis, then a horizontal compression or stretch

1
with scale factor W Apply these transformations to the graph of

y = f(x) to sketch the graph of y = f(kx).

b) Answers may vary; for example: A horizontal compression or stretch
is equivalent to a vertical stretch or compression, respectively; scale
factors are reciprocals of each other for some functions, such as

f(x) = ax, f(x) = alx, and f(x) = g , but not for others, such
as f(x) = ax® + bx + cand f(x) = aVx — d + ¢

a)—c)

©) The horizontal and vertical stretches give the same graph.

1 1 2
dy=1y= 2(7); both equations simplify to y = —
2% x

X

. . . . 1
Translation 4 units left, then horizontal compression factor > Ve

check students’ parent function investigations

Lesson 1.8, pp. 70-73

1.

A: vertical stretch, factor 5; B: reflection in y-axis; C: horizontal
. 1 . . .
compression, factor 3 D: translation 2 units right; E: translation

4 units up

Divide the x-coordinates by 3: C; Multiply the y-coordinates by 5: A;
Multiply the x-coordinates by — 1: B; Add 4 to the y-coordinate: E;
Add 2 to the x-coordinate: D

Answers 627
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f(x) f(3x) f(—3x) 5f(—3x) 5f[—3(x — 2)] + 4

1 1 2
on | (5) (59) | (59)

4. a) Vertical stretch, factor 3, then translation 1 unit down
b) Translation 2 units right and 3 units up

1
¢) Horizontal compression, factor > then translation 5 units down

d) Reflection in x-axis, horizontal stretch with factor 2, and then
translation 2 units down

e) Vertical compression, factor g, then translation 3 units left and 9 % y
1 unit up i
f) Vertical stretch with factor 4, reflection in y-axis, and then 61
translation 4 units down 4:
5. a) y=3(x—2?2+1 <) 2_
8] 1 X
- R R
€] y =3 -2
] R y=05f3(x — 4)] — 1
i y=x
N X domain = {x € R}, range = {y ER |y = — 1}
3ol 3T 1E]
) 8. a) 1ty
8]  y=flx—1)+4
6.
b) i
4.
Ty i
- 2.
y=N=3x 6- e 1 X
- =V3x T T T T T T T
FY 0f "2 4 ¢ 8
y=\&X domain = {x ER|x = 1}, range = {y ER |y =4}
EEDN b
y X
Tg LETAT3I0[]
y=N=3(x+1)— 4 y=—15x+3) -2 —1
6. a) Horizontal stretch, factor 3, then translation 4 units left —27
b) Vertical stretch with factor 2, reflection in y-axis, and then 1 —3
translation 3 units right and 1 unit up i f[_ 2 (x+ 4)]_ 34
c) Reflection in x-axis, vertical stretch with factor 3, horizontal

. . 1 . L
compression with factor —, then translation 1 unit right and .
2 domain = {x E R|x = —4}, range = {y ER|y = —3}

Y]

nits down
3 units d 9

7. a) y 4
x 2-

6- T T T T T T T T T T
] “86-4-29/2

2] y=flx—2)+3

o0 7 3 34

y= —2f[—(x—2)]+1
domain = {x € R}, range = {y € R|y = 3}
domain = {x € R|x = 2}, range = {y ER|y =1}
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domain = {x € R}, range = {y € R|y = 0}
b) y-affax — 1)) -2

c) y

y=—3fBlx+2)]+4

domain = {x € R}, range = {y E R|y = 4}
10. a) Translation right 2
b) Translation up 2
¢) Vertical compression, factor 0.5
d) Vertical stretch, factor 2
e) Horizontal compression, factor 0.5
f) Reflection in x-axis

1. gx)=f(2x+6)

12.

13.

14.

15.

16.

17.
18.

L 'i(x) = fl4x+8)

21 )=l
7 X

BEESLRERPE

P, =P —120|
M
40
301
20
101
1 P
0 "40 80 120 160

y=3V—-(x—5) —2
g(x) =3f[-(x+ 1)] +2
1
a) C; parent graph is y = , asymptotes are translated 2 units right

and 1 unit up, and graph has been reflected in one of the axes

b) E; parent graph is y = |x|, and vertex is translated 3 units right
and 2 units down

¢) A: parent graph is y = Vi, graph has been reflected in y-axis,
and vertex is translated 3 units left and 2 units down

d) G: parent graph is y = x% and vertex is translated 2 units right
and 3 units down

€) F; parent graph is y = , asymptotes are translated 3 units down,

and graph has been reflected in one of the axes

f) D; parent graph is y = |x|, graph has been reflected in y-axis, and
vertex is translated 4 units left and 2 units up

g H: parent graph is y = Vi, graph has been reflected in x- and
y-axes, and vertex is translated 1 unit right and 1 unit up

h) B: parent graph is y = x?, graph has been reflected in y-axis, and
vertex is translated 4 units left and 1 unit up
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SIaMSUY




19.

20.
21.

22.

23.

630

a)a=—-2k=1,c=0,d=4

1 y=-2%x—4

domain = {x € R|x = 4}, range = {y ER |y = 0}

b)a=—k=—-1l,c=—4,d= -3

domain = {x € R|x # —3},range = {y ER |y # —4}

C)ﬂ=3,k=§,6=—6,d=1

Iy
y = x|

y=33=1 -6
domain = {x € R}, range = {y ER |y = — 6}
a) 2,-5 b) 2, -5 © —6,15, d) —4,3
A. Sketch parent function; B. Apply reflections in x-axis if « < 0 and
in y-axis if £ < 0; C. apply vertical stretch or compression with

. . 1
factor ||, and stretch or compression with factor m; D.

Translate ¢ units right (or — ¢ units left if ¢ < 0) and & units up
(or —d units down if 4 < 0). Transformations in steps B and C can
be done in any order, but must precede translation in step D.

a) Reflection in x-axis, vertical compression factor n [or horizontal

stretch factor 2], and then translation 3 units left and 1 unit up
1 1 2
b)y=—z(x+6)2+2[ory=—{E(x+6)} +2}

Graphs are both based on a parabola, but open in different directions,
and graph of g(x) is only an upper half-parabola. Reflect right half of
graph of /() in the line y = x.

Answers

Chapter Review, pp. 76-77

1. a) domain = {—3, —1, 0, 4}, range = {0, 1, 5, 6}; nota
function, because two y-values are assigned to x = 0
b) domain = {x € R}, range = {y € R}; function, because each
x-value has only one y-value assigned
¢) domain = {x € R|x = —4}, range = {y € R}; nota
function, because each x > —4 has two y-values assigned
d) domain = {x ER| —4 =x =4},
range = {y ER| —4 =y =4}
not a function, because each x except *4 has
two y-values assigned
2. Vertical-line test

a) y d) ALTT
2 x“+y =1
. 1 .
X X
EWR N SEWE 1T
—1 °
—p- ° ° ~

Not a function

Not a function

b) e)
S y

T T\ 5 4
Function

C)1y f)

N A O

X Function

Function
3. Answers may vary; for example:

4
4'y=—3x2+3
1 b%
SRS REEPE

2_

4_

6.

8.

4. a) —7 d) 46> + 6b— 5

b) —5 e) —8z—1
c —2 f) lor—2



5. a), b) 13. a) f(X) - XZ g(X) - (%X)Z

1 fx)=—20x — 32+ 4 y
4
2_
i . i
o T
1] 24
—4
a) domain = {x € R}, range = {y E R|y = 4} h(x) = —(2x)?
b) f(1) represents the y-coordinate corresponding to x = 1. f(x): domain = {x € R}, range = {y € R|y = 0};
. o w0 o\ : , =04
o 02 i) —1 i) —2(-x—2)"+4 ¢(x): domain = {x € R}, range = {y E R |y = 0};
6. 5 —1 h(x): domain = {x € R}, range = {y € R|y = 0}
7. a) h
E - _cp2
go] = —5t+20t+60 b 8(x) =] —4x]
601
40+
20
1 t
(EESDEDERY

b) domain = {f ER|0 = ¢ = 6},
range = {h ER| 0 = / = 80}

1
o h=—5+20r+ 60 h(x) = zx|
8 a doma?n = {xER},range = {y ER[y =3} f(x): domain = {x € R}, range = {y ER |y = 0};
b) domain = {x € R|x = —2},range = {y ER |y = 0} ¢(x): domain = {x € R}, range = {y € R|y = 0};
9. a) A(w) = (M>w h(x): domain = {x € R}, range = {y ER|y = 0}
2 14. a) Yes; vertical stretch must be done before vertical translation
b) domain = {w € R| 0 < w < 180}, b) Yes: vertical stretch with factor 2, translation 4 units down, and
range = {A € R|0 < A4 = 12150} translation 3 units right
© /[=270m, w=90m 5
10. a) Graphy = 2x — 5, and reflect it in the line y = x to get graph of 15. (-~ Vs 10)
invers?. Use ngh’ to deterr%qine the sloﬂe—intercept form of inverse; 16. a) Reflection in x-axis, vertical stretch factor 2, horizontal stretch
slope is 0.5 and y-intercept is 2.5, s0 f ' (x) = 0.5x + 2.5. factor 3, then translation left 4 and down 1
b) Switch x and y, then solve for y: b)
x+3 o\ 67 Y
== fix) = x ]
4
y+3 . g
x ="
7 2: ) I
Tx=y+3 T E
7x—=3=y 2 2
fix)=7x—3 w0
©) Reverse operations: for f; divide by 2 and subtract from 4, so for
£, subtract from 4 (operation is self-inverse) and multiply by 2. 1
Therefore, £ (x) = 2(4 — x). y="2[zx+4)] -1
11. a) f(x) = 30x + 15000
b) domain = {x € R|x = 0}, range = {y € R |y = 15 000}; 17. a) y=-V2(x—3) -2
number of people cannot be negative, and income cannot be less y
than corporate sponsorship 4: =V
— 15000 ]
o f(x) :%;domain:{xe R|x= 15000} 2_ N
12. a) y=Vix o246 8"
1 P
b) y = 1 —4-
-5 1
—6] y=—2(x—3) -2
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domain = {x € R|x = 3}, range = {y ER|y = —2}

domain = {x € R|x # —4}, range = {y ER |y # 1}
18. a) 4, -3 b) 4, -3 c) —8,6 d —5,2
19. a) domain = {x € R|x= —4}, range = {y ER|y < —2}
b) domain = {x € R|x <4}, range = {y ER|y < —1}

¢) domain = {x € R|x= —5},range = {y ER|y < 1}

d) domain = {x € R|x =<9}, range = {y E R|y > 3}

Chapter Self-Test, p. 78

1. a) domain = {—5, —2, 0, 3}, range = {—1, 1, 7}; function,
because each x-value has only one y-value assigned
b) domain = {x € R|x = —2}, range = {y ER|y = 0};
function, same reason as part (a)
2. a) f(x) = 0.004x + 0.65, g(x) = 0.001x + 3.50
b) #: domain = {x € R|x = 0}, range = {y € R|y = 0.65}
g:domain = {x € R|x = 0}, range = {y € R|y = 3.50}
c) 950 h
d) Regular bulb costs $3.72 more than fluorescent.
3. a) domain = {x ER|x # 2}, range = {y ER|y # 0}
b) domain = {x € R|x = 3}, range = {y € R|y = —4}
¢) domain = {x € R}, range = {y E R |y = 3}

4. The inverse of a linear function is either the linear function
obtained by reversing the operations of the original function, or
if the original function is f(x) = ¢ constant, the relation x = ¢.
Domain and range are exchanged for the inverse.

5. a) {(3,72),(5,0),(6,2), (8 4)}

E LA

=29 274 ¢ 8
—24 °

Function: domain = {—2, 0, 2, 4}, range = {3, 5, 6, 8};
inverse: domain = {3, 5, 6, 8}, range = {—2, 0, 2, 4}

b f i =2

flx)=3 —4x

Function: domain = {x € R}, range = {y € R};

632 Answers

inverse: domain = {x € R}, range = {y € R}
) fx) = 0.04(x — 2500) + 1500
300017

2000

1000+

X

0] 10,000 20,000 30,000

b) f(x) = 0.04(x — 2500) + 1500 for x = 2500
©)  £7(x) = 25(x — 1500) + 2500
300077

2000+

1000+

X

™o T T T
4 1000 2000 3000

d) /7' (x) = 25(x — 1500) + 2500 for x = 1500
o) £71(1740) = 25(1740 — 1500) + 2500 = $8500

b) —3

V—(x—2)

domain = {x € R|x = 2}, range = {y ER |y = 0}
—4
x + 2

b)a=—4k=1c=-3d=—2y= -3

domain = {x € R|x # —2},range = {y ER |y # —3}



c) a:*%/«:4,c:72,d:3

(ORTTANG |

T4 12 0]

y=—3fl4x -3 -2
domain = {x € R}, range = {y ER |y = —2}

Chapter 2

Getting Started, p. 82

1. Type Degree
a) binomial
b) monomial
c) binomial
d) monomial
e) trinomial

2. a) 9x—2 ¢ 8x2—2x— 15
b) 2x* —4x—9 d) 4x* —dx + 1

3. Factoring is the opposite of expanding. To expand a polynomial, you

NSRS N

multiply using the distributive property. To factor, you try to
determine the polynomials that multiply together to give you the
given polynomial. e.g., (x + 2)(3x — 1) = 3x* + 5x — 2

expanding

factoring
4. a) 2xy°(3 — 4x)
b) (2 = 2)(a —5)
c) (4n+5)(Bn—2)

d) G596 + 59
e) not possible
£) ) — 9@ +4)

1 8
5. a) E b) —E c) E d) —10
Lxs 15 3.5 3

6. a) c b) 2 ©) 8x%y d) 5x%7
7. a) {xeR} d) x =0, {xeR}lx # 0}

b) {xeR} e) x =4, {xeR}lx # 4}

o) x<0,{xeR}x=0} f) x<—10,{xeR}x= —10}
8.

Definition: Characteristics:

A polynomial is any algebraic expression
that contains one or more terms.

« usually contains variables
« can contain both like and unlike terms
« exponents must be whole numbers

N

)

Examples: Non-examples:
3x2
4x —3 3 j—zx
53 — 2xy + 6y Sx74+4x+3
Vx

Lesson 2.1, pp. 88-90

1.

10.
11.
12.
13.

14.

15.

16.

17.

a) 4x> —8x+8 b)2x?—4 0 2x* — x
flx) =7x—2

gx)=7x—2

Answers may vary. For example, £(1) = —10; g(1) = —20
a) 92— 5c+5 d) 3x*—9x—3

b) 2x2+3x+4y+z e) 2x2—5xy+2y2

O 3x—3y+1 £) 5x° =y -1

d) —2m* — Smn + 154°
e) —x+ 4)/2 + 15

a)m—4n+tp+7
b) —8m —4q+ 1

o) —&+ 4a*— 2a f) 3x2 + 50
a) llx— 7y d) 2x+xy — 4y + yz
3 4
b) 4x* — 16x — et
) b 163 TR
) 4’ ﬂi—+l+1
C, X 12X 4)/

i) Answers may vary. For example,
Bx? — %) — 5x* — %)
= —2x?
# —2x? — 2x
ii) Answers will vary. For example, if x = 1,

Bx* — x) — (5x2 — %)

=B-1)-6-1

=-2

but —2x? — 2x
=-2-2
=—4

a) flx) =27 + 4x— 9 and g(x) = 25t + 4x — 5. flx) # g(x)
b) 5,(1) = 27 and 5,(1) = 9 .. 5,() # s, (¢)
o eg,ifx=—1I,theny =2andy, =0

SN FE )
d) f(n) = 2n* + 2n — 9and g(n) = 21> + 2n — 9
< fln) = g(n)
e p=Lg=1Ly=%p=5"3%n
f) f0)=6
¢g2) =14
Answers will vary. For example, f(x) = 2x and g(x) = x*
a) 25 —x—y b) 5x+y+25 ¢ 95
3x+3y+2
a) P(x) = —50x% + 2350x — 9500 b) $11 500

a) cannot be determined d) cannot be determined

b) cannot be determined e) equivalent

SIaMSUY

©) not equivalent

a) yes b) Replace variables with numbers and simplify.
a) x+(x+7)+ (w+ 14 + (x+ 15 + (x + 16) = 5(x + 14) — 18
b) 26

©) 5x + 24, where x is the number in the top left corner;

5x + 18, where x is the number in the top right corner;
5x — 24, where x is the number in the bottom right corner

a) 19 +20+21+22+23

b)n=m—-—2)+m—-—1)+m+m+1)+ (m+2)

¢ 10+ 11+12+ 13+ 14+ 15+ 16

a) Answers may vary. For example, both functions are linear; a pair
of linear functions intersect at only one point, unless they are
equivalent; since the functions are equal at two values, they must
be equivalent

b) Answers may vary. For example, both functions are quadratric;
a pair of quadratic functions intersect at most in two points, unless
they are equivalent; since the functions are equal at three values,
they must be equivalent

Answers
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