Section 2.3 — Linear and Angular Velocities

The most intuitive measure of the rate at which the rider is traveling around the wheel is what we call
linear velocity.

Another way to specify how fast the rider is traveling around the wheel is with what we call angular
velocity.

Linear Speed
Definition

If P is a point on a circle of radius r, and P moves a distance S on

the circumference of the circle in an amount of time t, then the P moves at
linear velocity, v, of P is given by the formula a constant
speed along

stance the circle.

_ di
speed ==ime

V=

—|n

Example
A point on a circle travels 5 cm in 2 sec. Find the linear velocity of the point.

Solution
Given: S=5cm
t=2sec
_S_5cm
V= t ~ 2sec
=25cm/ sec
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Angular Speed

=

Definition
If P is a point moving with uniform circular motion on a circle of -~ Pmo"tes tat

- - . a constan
radius r, and the line from the center of the circle through P sweeps P speed along
out a central angle @ in an amount of time t, then the angular velocity,

/ s the circle.
o (omega), of P is given by the formula v A x

0

w == where @ is measured in radians

t

Example

A point on a circle rotates through 37” radians in 3 sec. Give the angular velocity of the point.

Solution
Given: 4= 3T”rad

t = 3sec

3z rad

4
3 sec

=

rad / sec

AN

Example

A bicycle wheel with a radius of 13.0 in. turns with an angular velocity of 3 radians per seconds. Find the
distance traveled by a point on the bicycle tire in 1 minute.

Solution
Given: r=13.0in.
o = 3rad/sec
t =1 min = 60 sec.
_0
@ =4
wt=0 s=ro :9:%
wt=3S
r
S=wltr
=3x60x13
= 2,340 inches
2,340
or T —195ft
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Relationship between the Two Velocities

If s=rg@
s_1ré

t =t
sS_,0

t ="t
V=ro
2]
v=rf

t

Linear and Angular Velocity

If a point is moving with uniform circular motion on a circle of radius r, then the linear velocity v and
angular velocity w of the point are related by the formula

V=rw

Example

A phonograph record is turning at 45 revolutions per minute (rpm). If the distance from the center of the
record to a point on the edge of the record is 3 inches, find the angular velocity and the linear velocity of
the point in feet per minute.

Solution
o =45rpm
=45 eV 1 revolution = 2rrad
min
_ rev 27 rad
min 1 rev

=90/, rad / min

V=Trw
—(3i rad
~(3in) (907[ min)

— 270710
min

=848 in/ min

_ _in_ 1ft
v==848 min 12in
v=70.7 ft/ min

23



Example

Suppose that P is on a circle with radius 10 cm, and ray OP is rotating with angular speed Z 18 rad / sec.

a) Find the angle generated by P in 6 seconds

b) Find the distance traveled by P along the circle in 6 seconds.
c) Find the linear speed of P in cm per sec.

Solution
a) O=awt

T g7
|0__18.6 5 rad

b) s=ro
|_10(%) 1%” cm

c) v==

Example

A belt runs a pulley of radius 6 cm at 80 rev/min.
a) Find the angular speed of the pulley in radians per sec.

b) Find the linear speed of the belt in cm per sec.

Solution

_ rev. 1min 27
a) |a)_—80 min 60sec 1rev

_8x
3

b) l[v=rw

o)

~50 cm/sec

rad / sec
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Example

The diameter of the Ferris wheel is 250 ft, the distance from the ground to the bottom of the wheel is 14 ft,
and one complete revolution takes 20 minutes, find

a. The linear velocity, in miles per hour, of a person riding on the wheel.
b. The height of the rider in terms of the time t, where t is measured in minutes.
Solution
Given: 6=1rev=2nrad
t =20 min.

=D _250_
r=5=% =125t

_0 _re
a o =7 or |v=-=

_2r
20

=7 rad / min

10
V=Iw
= (125ft) (% rad /min)
~ 39.27 ft/ min

- _ft 60min _1mile
V3927 S Eog0 ft

~0.45mi/ hr

b. cosﬁzﬁ

OP1

= OP
125 0

OP =125cos @ =)
H= PP0 +14
P
=OP, ~OP +14 Sl

=125-125cos @ +14
=139-125cos @

P

_0
@ =%
O=wt
—_ T
6=%t
_ _ T
H =139 lZBcos(lot)
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Exercises Section 2.3 — Linear and Angular Velocities

=

Find the linear velocity of a point moving with uniform circular motion, if S=12 cm and t = 2 sec.
Find the distance s covered by a point moving with linear velocity v = 55 mi/hr and t = 0.5 hr.

Point P sweeps out central angle 6 = 12x as it rotates on a circle of radius r with t = 5z sec. Find the
angular velocity of point P.

Find an equation that expresses | in terms of time t. Find | when t is 0.5 sec, 1.0 sec, and 1.5 sec.
(assume the light goes through one rotation every 4 seconds.)

100 ft

Find the angular velocity, in radians per minute, associated with given 7.2 rpm.

When Lance Armstrong blazed up Mount Ventoux in the 2002 tour, he was equipped with a 150-
millimeter-diameter chainring and a 95-millimeter-diameter sprocket. Lance is known for
maintaining a very high cadence, or pedal rate. The sprocket and rear wheel rotate at the same rate,
and the diameter of the rear wheel is 700 mm. If he was pedaling at a rate of 90 revolutions per

minute, find his speed in kilometers per hour. (1 km = 1,000,000 mm or 10° mm)

Rear wheel

Sprocket diameter Chain

Chainring

diameter
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10.

A Ferris wheel has a radius 50.0 ft. A person takes a seat and then the wheel turns 2?” rad .

a) How far is the person above the ground?

b) If it takes 30 sec for the wheel to turn 2?” rad , what is the angular speed of the wheel?

A fire truck parked on the shoulder of a freeway next to a long block wall. The red light on the top
of the truck is 10 feet from the wall and rotates through a complete revolution every 2 seconds. Find
the equations that give the lengths d and € in terms of time.

Suppose that point P is on a circle with radius 60 cm, and ray OP is rotating with angular speed %

radian per sec.
a) Find the angle generated by P in 8 sec.
b) Find the distance traveled by P along the circle in 8 sec.
c) Find the linear speed of P in 8 sec.

Tires of a bicycle have radius 13 in. and are turning at the rate of 215 revolutions per min. How fast
is the bicycle traveling in miles per hour? (Hint: 1 mi = 5280 ft.)
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11. Earth travels about the sun in an orbit that is almost circular. Assume that the orbit is a circle with
radius 93,000,000 mi. Its angular and linear speeds are used in designing solar-power facilities.
a) Assume that a year is 365 days, and find the angle formed by Earth’s movement in one day.
b) Give the angular speed in radians per hour.
c) Find the linear speed of Earth in miles per hour.

% Earth

12. Earth revolves on its axis once every 24 hr. Assuming that earth’s radius is 6400 km, find the
following.
a) Angular speed of Earth in radians per day and radians per hour.
b) Linear speed at the North Pole or South Pole
c) Linear speed ar a city on the equator

13. The pulley has a radius of 12.96 cm. Suppose it takes 18 sec for 56 cm of belt to go around the
pulley.
a) Find the linear speed of the belt in cm per sec.
b) Find the angular speed of the pulley in rad per sec.

14. The two pulleys have radii of 15 cm and 8 cm, respectively. The larger pulley rotates 25 times in 36
sec. Find the angular speed of each pulley in rad per sec.

.]
CI

15. Athread is being pulled off a spool at the rate of 59.4 cm per sec. Find the radius of the spool if it
makes 152 revolutions per min.

28



16.

17.

18.

A railroad track is laid along the arc of a circle of radius 1800 ft. The circular part of the track
subtends a central angle of 40°. How long (in seconds) will it take a point on the front of a train
traveling 30 mph to go around this portion of the track?

A 90-horsepower outboard motor at full throttle will rotate it propeller at exactly 5000 revolutions
per min. Find the angular speed of the propeller in radians per second.

The shoulder joint can rotate at 25 rad/min. If a golfer’s arm is straight and the distance from the
shoulder to the club head is 5.00 ft, find the linear speed of the club head from the shoulder rotation
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Solution Section 2.3 — Linear and Angular Velocities

Exercise

Find the linear velocity of a point moving with uniform circular motion, if s =12 cmand t = 2 sec.
Solution
S
v==
t

_12cm
2 Sec

=6 cm/sec

Exercise

Find the distance S covered by a point moving with linear velocity v =55 mi/hrand t = 0.5 hr.

Solution
s=wvt

:SS%XO'S hr

=27.5 miles

Exercise

Point P sweeps out central angle 6 = 12x as it rotates on a circle of radius I with t = 5z sec. Find the
angular velocity of point P.

Solution

COIT

—12n rad
Br sec

=2.4 rad / sec|
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Exercise

Find an equation that expresses | in terms of time t. Find | when t is 0.5 sec, 1.0 sec, and 1.5 sec. (assume
the light goes through one rotation every 4 seconds.)

Solution
_0_2rrad _ &
a)_t_ 4 sec 2rad/sec
— 0 _ 7 rad /sec
t 2
T
=0= 2t
CoS ﬁtjzm
(2 [
= | cos(%tj =100
_ 100 _ T
== —100$ec(§t)

T
o 21)
Fort=0.5sec = |l = 10781 = 10(; =10 -100V2~1411t
Fort=1.0sec = |I_=& =100 _ yndefined

fid 0
COS( 2 )

Fort=15sec= |l = 1003 = 102 = Of =-100+2~ 141t
T T L

cos( 53] cos(%F) 2

Exercise
Find the angular velocity, in radians per minute, associated with given 7.2 rpm.

Solution

=721 o7 rAIANS _ 14 4~ 455 180
"~ min rev ' "~ min
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Exercise

When Lance Armstrong blazed up Mount Ventoux in the 2002 tour, he was equipped with a 150-
millimeter-diameter chainring and a 95-millimeter-diameter sprocket. Lance is known for maintaining a
very high cadence, or pedal rate. The sprocket and rear wheel rotate at the same rate, and the diameter of
the rear wheel is 700 mm. If he was pedaling at a rate of 90 revolutions per minute, find his speed in

kilometers per hour. (1 km = 1,000,000 mm or 106 mm)
Solution

Chainring:

0=
r

—90tev. o radians . 60 min
min rev 1 hr Rear wheel

—10800x Fad
hr

Sprocket diameter

Chain
V=rmw -

_150 rad
=% (mm)x108007 e

Chainring
diameter

=810000x MM
hr

Sprocket:

o=Y
r

810000 MM
_ hr

9—25mm

—17052.63r rad
hr

V=TIm

— 350(mm) x—L_ KM , 17057 637 a4
106 mm hr

- km
=18.8 hr

19



Exercise

A fire truck parked on the shoulder of a freeway next to a long block wall. The red light on the top of the
truck is 10 feet from the wall and rotates through a complete revolution every 2 seconds. Find the

equations that give the lengths d and ¢ in terms of time.
Solution

a =

2
= rad / sec

_d

tan@ = 10
d =10tané@
=10tan rt

secezL

10
| =10secéd

=10sec =t

Exercise

Suppose that point P is on a circle with radius 60 cm, and ray OP is rotating with angular speed ﬁ

radian per sec.
a) Find the angle generated by P in 8 sec.
b) Find the distance traveled by P along the circle in 8 sec.
c) Find the linear speed of P in 8 sec.

Solution
a) O=awt
0=158= 2?” rad

b) s=r@
|s_:60(2?”) _ 407 cm

v=% =57 cm/sec
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Exercise

A Ferris wheel has a radius 50.0 ft. A person takes a seat and then the wheel turns 2?” rad .

a) How far is the person above the ground?

b) If it takes 30 sec for the wheel to turn 27 raq , What is the angular speed of the wheel?

3
Solution
cosoz=hT1
h1=r005a

h = 50COS% =43.3 ft
Person is 50+ 43.3=93.3 ft above the ground

b) o :§
_ 2?” rad
30 sec
= % rad / sec
Exercise

Tires of a bicycle have radius 13 in. and are turning at the rate of 215 revolutions per min. How fast is the
bicycle traveling in miles per hour? (Hint: 1 mi = 5280 ft.)

y

20

13 1n.

Solution

@ =215 rev 2Z1ad _ 430 rad / min
1rev

V=rw= 13(4307r) =55907 in/ min

V=590 5 Tthr - 12in 5280t

~16.6 mph
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Exercise

Earth travels about the sun in an orbit that is almost circular. Assume that the orbit is a circle with radius
93,000,000 mi. Its angular and linear speeds are used in designing solar-power facilities.

a) Assume that a year is 365 days, and find the angle formed by Earth’s movement in one day.

b) Give the angular speed in radians per hour.

¢) Find the linear speed of Earth in miles per hour.

Solution
= Earth

_ 1 _2r
a.) 6—@(27[)—% rad

_ 2zrad lday = g
b) =365 days 2anr ~ 2380 24/

¢) V=rew=(93,000,000) ;2> ~ 67,000 mph

Exercise

Earth revolves on its axis once every 24 hr. Assuming that earth’s radius is 6400 km, find the following.
a) Angular speed of Earth in radians per day and radians per hour.
b) Linear speed at the North Pole or South Pole
c) Linear speed ar a city on the equator

Solution
_0
a) o= ¢

_ 2z rad

1 day
_2zrad lday _ z
=1 day 24 hr ~1prad/hr

b) Atthepoles,r=0sov=rw=0

c) At the equator, r = 6400 km
V=rw
= 6400(27:)
=12,8007z km/ day
lda
=12,8007 c% o hyr
~5337z km/ hr|
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Exercise

The pulley has a radius of 12.96 cm. Suppose it takes 18 sec for 56 cm of belt to go around the pulley.

a) Find the linear speed of the belt in cm per sec.
b) Find the angular speed of the pulley in rad per sec.

Solution

Given: S=56cmint=18 sec
r=12.96 cm

a) Q/:%:f—gzalcm/sec
_v__31 _
b) |_—r 1506 .24 rad / sec

Exercise

The two pulleys have radii of 15 cm and 8 cm, respectively. The larger pulley rotates 25 times in 36 sec.
Find the angular speed of each pulley in rad per sec.

Solution
. . _25 ..
Given: w= 36 times / sec
r1 =15cm r2 =8cm

The angular velocity of the larger pulley is:

o= 25times 27 rad _ 257

36 sec itme _ 18 o/ Sec‘

The linear velocity of the larger pulley is:

lV=re :15(215—8”) :% cm/sec‘

The angular velocity of the smaller pulley is:
=v_1
= rorY
_1125x
8 6

= 1257 a4 /sec

48
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Exercise

A thread is being pulled off a spool at the rate of 59.4 cm per sec. Find the radius of the spool if it makes
152 revolutions per min.

Solution

Given: w =152 rev/ min
v=59.4 cm/sec

r=v_1y
w w
__ 1 cm
152 Tev sec
min

“\152 rev 1 min 27 rad sec

~ 3.7 cm

_( 1 min 60 sec_1rev )(59_4@)

Exercise

A railroad track is laid along the arc of a circle of radius 1800 ft. The circular part of the track subtends a

central angle of 40°. How long (in seconds) will it take a point on the front of a train traveling 30 mph to
go around this portion of the track?

Solution
Given: r =1800 ft.
0= 40°=40°Z_ = 27 1o

180° 9
v =30 mph
e 27\ _

The arc length: s = ro —1800(?) _ 4007 ft
v=S—>t=3

t v
4007 f

mi
30 hr

_ 407 g hr 1mi  3600sec
3 mi 5280 ft  1hr

~ 29 sec
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Exercise

A 90-horsepower outboard motor at full throttle will rotate it propeller at exactly 5000 revolutions per
min. Find the angular speed of the propeller in radians per second.

Solution

— rev 2z rad 1 min
a)—SOOOmin 1 rev 60 sec

~523.6 rad / sec|

Exercise

The shoulder joint can rotate at 25 rad/min. If a golfer’s arm is straight and the distance from the shoulder
to the club head is 5.00 ft, find the linear speed of the club head from the shoulder rotation.

Solution

Given: w=25rad /min r=5ft

|V =re="5(25)=125 ft / min
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