Algebraic Vectors

Geometric Vectors

e Geometric vectors are vectors with no fixed location
e Geometric vectors are writtenasa [Y)A0 ) ﬂhs d{’ and a di FQC’}T 01 AN,

ie. =l ke [IN25° W]

5

Algebraic Vectors

e Algebraic vectors are vectors that are drawn on a coordinate plane with the tail at (Q 0 )
7

Polar Coordinates

e Algebraic vectors can be written using polar coordinates in the form (Mcxc\ n gﬁ,{dt’ } "D; “‘f{'l‘h (m>

where the angle is measured from the terminal arm (positive x-axis).
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1. Plot the vector a = (4, 120°) 2. Plot the vector a= 9 units [S45°W]
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Cartesian Coordinates

e Algebraic vectors can be written using Cartesian coordinates in QQ,r‘i’{f, SI1ANY

or Llﬁ«\ '\“ N ﬁ(ﬁ:{@ i form. ( Coo (“C]I ﬁ()d‘(f;.>

1. Draw the following algebraic vectors: ends at
. A g
a) 4=(3,95) : b) a=(4,1)

v

2. Write the vector AB in component form if:

) A=(43andB=(LD _ _j_y

A%:GBf%lwgg

v

b) A=(25,70)and B =(15, 100)
.. ] »
AB =(15-25%,,100-10)
. o :
fe = (-10,30)

A

3. Determine a+b if a=(1, 5) and b= (3, -2)
0+b=U,3)
B i |
1+3 5+(2)
* A Xs together, add s TO%E‘\’V\&F’(:

4. Determine2a if a= (-3, -5)

2= (-6,-10)
e
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* H\,\\hp‘y X and y by ccebhoent®
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5. Simplify 10a —3b if5=(—‘2, 7yand b= (3, 1)
08 - 3B = [0(-2,1) -3(3,1)
= (~20,70) = (4,2)
G289, i)

I
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Unit Vector Form

e Algebraic vectors can be written using _{_{)) 1‘ \}’@(:l”(}“(‘ =

o]

- umt vector on x-axis

i=—_umt Vector on U= S

N

1. Write each of the following vectors in unit vector form:

Magnitude of an Algebraic Vector

Calculate the magnitude of the following algebraic vectors:

a) a=(52) b a=(7.3)
g o R N T NS e
D= (5-07+ (20 = J49+9

R -




Converting Between Forms

1. Write a=-41 +3 5 in component form:

Q= (4,3)

2. Write the vector a=6 m [N30°W] as an algebraic vector in component form. N
SnE=2 Boo& = O
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3. Write the vector a = (5, -2) as a geometric vector.
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Drawing Vectors in Three Dimensions

Draw each of the following vectors:

a) u=(2,6,5) 2 @ Pl »,y,2 b) u=(0,3,1) 2
0 Values on M
oxXis
. oai /—7“»”7 i »‘ﬂ
LA 7 @ Make o ra\\.e,\m%mm . Vs
. . wrt x and U s e
! o :
' 9 ' } |___.';_{;'_ -
& 2: At : :/,,“ }%' &— ," - _
O . . Ry i 4
| v @ o) !EW% 2- o "ﬁ%’/ // ;)/
//‘ EJS“&;‘;‘S kg— h P 5/‘/‘.«’*<j_ B s /
. ~ i " X a
L from E‘QQ\, . S v
A vertex v 4
v ‘\;":3 C«:}r*x\]:;\,éi?}?’ﬁ Jf{-”ie K N
c) i=GL4) - box d  @=(-543) -
® hint i;% in P
A appoSite Covnelr R 4
?PF"’ " ) WE} ) > & 4%; ﬁ,fli“'/ '
Tromn VErtex . - 7 A
e i i e
/'J‘”‘ T 4
rd 3
P e : P
P 1 7 o ual;‘ %
'y o Y "
r\" 5 J P ‘{
Tl
PR I S
/Ly
bw‘*' :' ; [ s e )
X by % b8
N v
) G=-5-2j-7k = C_5J—2)—7>
AL
LT T e
Vi ] |
e i
& i {
" <& - : : >
0 -3 ’ 1
Y ' A ; ¥.
i =
| r i 3
| !
! S
x ; " o .
Vo % P A
Lo 2 laf
4
A4




Velocity Again ANS

Find b —da using Geometric vectors with Sine and Find b —a using Algebraic Vectors then check if
Cosine laws ] | the answers are the same.
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A search and rescue aircraft, travelling at a speed of 240km/h, starts out at a hebding of N2O'W _ after

travelling for one hour and fifteen minutes, it turns to a heading of N8O E and continues for another 2 hours
before returning to base.

a) Determine the displacement vector for each leg of the trip. — use a method of your choice
b) Find the total distance the aircraft travelled and how long it took.
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The relative velocity of the object B traveling at v,
relative to the object A traveling at 17A is given by:

Ve =Vy —V,

For boat in water (similarly for plane with wind)
questions: V,, =V, +V,; where V. is velocity
of boat relative to ground, ¥, is velocity of boat

in still water, and ¥,,.. is velocity of water relative
to ground.

5 —

k\l)()lb\ km

©)
i?, &\\::\cm/\n \"’X

:(\ouﬂo(l ) SO{L)

= (o1, 20a)

= g N ¢TE

A car is traveling at v. =100km/H[E], a
motorcycle is traveling at v,, = 80km/h[W], a truck
is traveling at v, =120kmn/h[N]and an SUV is
traveling at v, =100kmn/h[SW]. Find the relative

velocity of the car relative to:
a) motorcycle

b) truck

c) Suv

Give answers in both algebraic and geometric
forms
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Vectors in Three Dimensions

Algebraic Form
Component Form Unit Vector Form
i =% % 2) u:xi+y3+zf<
Write u= (2, -3, 1) in unit vector form Write u=-71 + 53 + 9Kk in component form
...—-} - ¥ o ) *{:X i:* iy
L= Zuw.ﬁj@%‘% = (-1,5 QJ

Geometric Form

Magnitude Direction (Direction Cosines)
lu| = X +y +2° Cosazﬁ COSBZ% COS’Y:%
u u u

Write the vector G = (3,1,—4) as a geometric vector.

Csx=%  CosB=d  (osd= Z
| Y Y
LO% D< = \Sﬂi?:‘ & T4 . i ;

26 PR EL CeeX

X = COS( .“‘”‘ig")*‘"‘ (‘“""" N
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Scalar Multiplication

a) 3(4i+2j-k) b) 10(3,7,1)
. 1 = - DA A A
= |20+ {AJ -3k = (20, 7*‘!?33%&;*:"?
Vector Addition
a) (5,7,-3)+(6,2,4) b) (21 +15]+3K) — (61 — 4]+ 2k)
S % \k
. e " o 'mh ;’:‘" F;} TM;,.
;C*;k‘%;ij = =4T + 197+ K
’ O
Parallel Vectors
e Parallel vectors have the same or opposite direction.
e Two vectors are parallel if ﬂ)ﬁq are. S CC‘L{&Q%’ ry H" oles.

a) For the points A(3, 2, 7), B4, 5, 1), C(-4, 7, 1), D(-6, 1, 13), determine whether AB is parallel

Collinear Points

.,W.TP

e Three points (A, B, C) are collinear if AB and A{/ are V’M&?‘

a) Determine whether the points A (4, -2, 3), B(3, 2, 7), C(1, 10, 15) are collinear.
e, ’

AB = (3-4,2-->,7-2) Ac= (-4, 10

[ e
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Linear Combinations ANS

Describe what x=3 R —line
would mean in each
dimension.
t————> 1%
2= D3s
oA QO’\WV

<t

\_Collinear Vectors

no
Collinesy
Y
A

B

';, MLT; ore collliman (ﬁs

Heis a sealor K such thel
1=k

Coplanar Vectors

(/) nob Co ‘:Lavw

/[K."’;
u,vawii ort  Coplanac F“>
Hee ae Scalacs a and b
such thd Z=antbv

7

Parallel/Collinear Vecf\(.);r can be written as
Sebiﬁ 4 wl p 5]

of each other

!

Ex % F K sk fhd T=kb Yhen B /\b
S,\v«(oo\“w

Coplanar Vectors can be written as
\NQALC OOW‘bIMHUW of each other.
Vectors can also be said to be Linearly Dependent
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What is the set of all linear combinations of (1, 0, 0) and (0, 1, 1)?
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Prove that the vectors @ =(-1.2.-3), b = (2.0.-1), and
¢ =(-7,6,-7) are linear dependant.
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Dot Product

Dot product is the #)CCL\CX . Mu H7 'D}l Cﬂﬁo’ﬂ, of one vector with the scalar projection of
the other vector.

(A(\E;\_O(’L\'—‘ S a N \AVY\bﬁfT>

Va0 R T Y

CLose =& S DS oA
o ch ¢ ab{alblese )
V f Cooe = EKK V&/\J\/\‘J\_/\J\W\j

A . 1bl Cosb =X
..._\: X R ‘fﬁf —
O ir e d T O

Determine aeb, if |a| =20, |b| =45 and 6 = 55°,
b= &R Cose

= 20(45)Ces55

= 51622

Perpendicular Vectors

If two vectors are perpendicular, their dot product Z@("Q ,,/

Determine aeb,if [a| =5, |b| =10 and 6 = 90°.

b= [&lB Cosd

= 500) Cop 90« LoNE
,/L 1O i

= 500
= O



Algebraic Vectors

a' E = ><qxb+'>/a.Yb +\—?\2’~Zj

¥ 3D

1. =(2,-3,1)and v =(-5, 2, 4), calculate u * v.

V= (2,-3,) (-5,2,4)
269) + 3D + 1ty

If u
—
w-

1}

=-l0-0+Y4
= — |
2. Fu=31+27+7k and§=5§—912,ﬁndﬁ_;§.

N K" no \3 *‘Qrw‘v
-y = (3,2,7)-(5,0,-9)

= 3B+ 200 + TG

= 1940 -03

= 48

3. Find the angle between the vectors u= (-2,3,4)and v= (1,5, 2).
X
w-V=(2,34%)-(,5,2)

—20) +3(5)+ $(2)

4]

2=-2%{65%+8 2 _ g
= J870
"2 Cos' /2]
— \r_____
\—li\ = m IV l = \Y(.\)z'f (_5)7‘_,. (277- 8070'
s 00
=29 Properties of Dot Product




Projections ANS
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a=[5.4.-1]and b =[1,-2.3]. . ._g:s
2 Find [a 4 B| ) \Mfi\t\ 2‘,}—\

b) Find bl a

= M (ql“f\)

:(;L X \}\'L -5( \q_,
- e

- ,’% \3 M\'q
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Under what circumstances is
a. Prej(; onto 3) = ij(; onto ;)7
b. |Proj(ii onto )| = | Proj(v onto @ 7

.
2 wdo™=0

ek gl s ———93”7 sae dico

>
w
-

M\,M,V\U'ahoﬁ‘x foe
" oo
Sty
0 = o a T=w
do o W= SR ather v & 08 s
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Applications of Dot Product

Work

e  Work occurs when a force is applied on an object, resulting in the displacement of the object.

W= Fd Gee - W=FE)
Gigo = \%P\ W '{l Fp.\&ﬁe] (3\
NEr lF W= I?A\\j) 60&9—6—
ey *@Y—Lm £ "F;\ CT

Cow\?evNC“ — distance \f\N F' °

D,&- J;Q.\'Cﬁe _,?
. ove)

2 5'3::‘ oS é\s-\nn Qd,
e . A 30 kg child slides down a 3 m long slide that makes an angle of 35° with the ground. Determine the work

done by the force of gravity.
_
W= F.d
w = IFI|d | Cos& —
W = 299.3 (3)Co530" \Fg\: 1.9 (3@?
IWZ722.25 5 | = 275 K

.. The work done by Srow\"\}-y is 723.22 3.

2. A mover pushes a washing machine 7.5 m across a basement floor. Calculate the work done by the mover,
if he is pushing against a frictional force of 300 N.

> 300N o
= o Vesy
P I

W= \F 6?\0056
W2 200(1.58) Cos O
W > 2250

.. He mMmoust  do MoTe ‘H/\qvx 2250 T o8 wor¥.



will be %
vector

multiplication of two vectors, which results in a vector

Cross Product
% OYY NoWer U

The cross product is the \/CC'\‘O \

that is f gz[j{)g Dd 1C.U !_Q | to the original two vectors.

|axbl=a | b|Sin®

ax b = (YaZb - Zayb’ ZaXb o Xazb7 Xayb - YaXb)

1. If |u| =10, |v| = 13, and the angle between them is 25°, ﬁnd\ﬁx§\. \
X
N D QO"
| TV E IR R sine s
= 10 (\?) SiN25 ¢ 2
. T . :ﬁ?\?\
YI,“’N\ = 5494 | g
2
4
2. If a=(2,3,5and b=(4,7,6),findaxb. l
KN BX_I Hu\%\pl,
ax =[3(® =5(D, 54 -2(6), 2N~ 3(,43] b Lo R
; X
= (18—36., 20-12 ., 14=12) ?,Xt;
-67') LY 2«3 Since answer is pesp o & ondB
Check' (2,3,%) - @71,8,2 you can check if dot producy =0
=34 +24+\6 = O v
3. Find a vector perpendicular to u =101 +3J +7k and v =-21 —1J
cross product No K ternv
UV = Q0,3 'Dx(~2,—\ 07 3,
77 o
[3@ 76V, 16D ~ 106) 5 106-3¢23) o
= Co+1, l'—} ~0, - 10+6) 3X -]
= C1,-14,-4)

checlt an  calewlatar
wth dot preduct



Nw-pN

1]
m&w-‘:-l\n

4. Calculate the magnitude of ax b when a = (3,2,1)and b= 4,-5,7)

L Q.

axp= (3,2, )x(4,-5,7)
[200-169), 1 -3, 3C5) -4(2)]

: ('*7“5)%-21,-15—87
- (‘q)—l7)"2-5->

laxB) = \jx2+y"+27‘

= \](H)ﬂ— (- 17)7'+ (-22)*

= JUgO

Properties of Cross Product

- -~ - - -g .
ax(b+c)= A% + axC

k(a x b)= kfxg or ax k'g

1. Simplify (a+ b)x (a+ b).

ax—a, + aX‘E + Yixa‘ +'§x'g
or&[@ — (ax@>+ O

O

H)

tl



Applications of Pg¢ated Cross Product

Area of a Parallelogram

Find the equation for the area of a parallelogram with sides aandb.

& r{: =3 r[A:\g\ \E\S.nej Sin@:_bgig\j

’g ar ‘ \
ose M 13l Sing ? heﬂh{-

1. Calculate the area of the parallelogram with sides 1= (10,4, -1) and v= (-2, 5, 3).

A= laxB] axb= 0,4,-Nx (-2,5,3D 5 g
- 2 [12-¢5),2-30,50--8))  ox-2
: J(T )"+usv"+ sor  =(17,728,58) HXS

"H?ﬂ j 3J4q3
= ({3 ». Area = 3J492 units®

Area of a Triangle

Find the equation for the area of a triangle

A:‘- _b_g—_, =0 \LA‘:: l‘dx‘gl & -zx—;
2 I Xy

~3X -(o

1. Calculate the area of a triangle with vertices A(1, 5, 0), B(2, 2, 2), and C(5, -1, 3).

§ (&23) A= 12xB) o
2

= (4,-3,200% (4,6, D

AGS 6z AT BT (ao,8-3,-6-td)
BBz (2-1,2-5,2-0) A= m = (3,5,6)

= (1,-3,2) =
AC - (5-1,-1-5,3-0) A= 70

F 0176, ‘ = - Area = %5 units



Torque

e Torque occurs when a force is applied on an object, resulting in rotational motion.

e Measyred in N m
-~ S

/ ‘\\ qow’/ T—' ]F\XT:;]
/ AA‘«CV“*_M’M\/ =
| @:”“T“““j
| '
\ \ / J

1. Find the torque procTuced by a mechanic exerting a force of 95 N on the end of a 20 cm long wrench at an
angle of 30°.

’T: \f‘)xf—’-';
= |7]IF|sine
3(.200(95)5in30°
= Q.g N v

x Corvert 7] into rmetres

20 e = 020 nv

. The +ov‘c\/ue is 9.5 Nwu
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