11Ch4 APcalc Date:

NEW to hiih school

Name:

APPLICATIONS OF DERIVATIVES

P9 Topics HW
4.1: MAXIMUM AND MINIMUM VALUES 4.1: 3,13,33,43, 53,69 [If you feel you
2.7 ®  How to find local maxima and minima of functions; need more practice, #5, 7,9, 11,15, 17, 19,
. - 21,23, 25,27, 29,31, 35,37, 39,41, 49, 51,
®  Apply the Closed Interval Method to find absolute maxima and minima. 55.59. 61.73.75]
4.2: THE MEAN VALUE THEOREM 4.2: 1,15,17,19, 23,25 [If you feel you
8-11 ®  The Mean Value Theorem (and Rolle’s Theorem) and associated need more practice, # 3, 5,7, 11, 13 ]
applications;
®  Use of MVT together with IVT to prove that an equation has only one root.
4.3: HOW DERIVATIVES AFFECT THE SHAPE OF A GRAPH 4.3: 1,9,17,23,27,37,51 |If you feel you
®  Locating intervals on which a function is increasing/decreasing; need more practice, #35, 7, 11, 13, 15, 19, 21,
- Lo . 25,29, 31, 33, 35,39, 41, 45, 47, 49, 63, 67 ]
®  How to determine if a function is concave up/concave down on a given
12-15 interval,
and finding points of inflection;
Use of the first and second derivative tests to classify local max/min;
How to accurately sketch the graph of a function.
44: 4.4: 3,13,21,25,29,35 [If you feel you
®  Understanding of L’Hospital’s rule and when it applies. need more practice, # 1, 5,7, 9, 11, 15, 17,
16-19 e u Iv L’ Hospital’s Rul. ! limi 19, 23,27,31,33,37,39, 41, 43, 45, 53, 55,
- ow to apply ospital’s Rule to evaluate limits. 57,59, 63, 65,73, 79, 81, #71 is messy so
don’t necessarily do it, you might want to
read it for an interesting historical note.]
4.5: SUMMARY OF CURVE SKETCHING 4.5: 5,9,27,37,41 [If you feel you need
20-22 ®  How to accurately sketch the graph of a function (by finding domain, ”’:’"&‘ wI"":‘f “’:‘L‘- # w] ’ 3_- 7,11,15,17,19, 21,
intercepts, symmetry, asymptotes, first and second derivatives, critical 23,33,35,37,43, 45,47 ]
points, and points of inflection, etc. as appropriate).
4.7: OPTIMIZATION PROBLEMS 4.7: 3,9,13, 33, 35,49, 59, 69, 73a |If you
®  Setup of various optimization problems and solving these problems using feel you need more practice, # 1, 5,9, 11, 15,
calculus: 17,19, 21, 25,27,31,37,47 ]
23-28 ®  Demonstrating that the solution to an optimization problem is indeed an
absolute max or min.
4.9: ANTIDERIVATIVES 4.9: 9,33,49,57,75 [1f you feel you need
®  Understand the basic concept of antidifferentiation; more practice, # 1, 3, 5,7, 11, 13, 15, 17, 19,
®  Findi | and icul tiderivati £ simple functions: 21, 23, 25,27, 29,31, 35,37, 39, 41, 43, 45,
29-33 inding general and particular antiderivatives of simple functions; 47.51.53.59.61. 63, 67, 69.71.73.77]
®  Finding a position function given an object’s acceleration;
®  Sketching the graph of an antiderivative given the graph of the function.
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Maximum and Minimum Values (4.1)

Definition: A function f has an absolute maximum at c if f(c) > f(x) for all x in the
domain. We call f(c¢) the maximum value. Similarly, f has an absolute minimum at ¢
if f(c) < f(x) for all x in the domain; f(c) is then the minimum value.

Example: e MAK

[ — ﬁ””“'V-L&)S M\N

Definition: A function f has a local maximum at c if f(c)2> f(x) when x is near c.
Similarly, f has a local minimum at c if f(c) < f(x) when x is near c.

Example: Local MAX

Example:
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Question: What happens if we consider the same function on a closed interval?
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r\o'k' —
&
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B NOTE: Endpoints can NOT be local max/min.
Question: Do all functions have an absolute max and min? )
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1
ot —1<x<0
Example: f(x)=(4x—-2.6)(4x-0.5)2x-1) 0<x<l1
(x—=2.5)(x-3) I<x<4
no 0&5
MAK

Example: Sketch a graph of a continuous function f such that the absolute maximum of
f(x) on the interval (-1, 1) does not exist and the absolute minimum equals 3.

Question: How do we know when a function will definitely have an absolute max/min?

Extreme Value Theorem: If fis continuous on a closed interval [a, b], then f attains an
absolute maximum value f(c) and an absolute minimum value f(d)at some numbers ¢
and d in [a, b]. abs .Max

Question: What happens if the function isn’t continuous? Can we still apply the
Extreme Value Theorem?

\
NO | 4. yrk m -5
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Question: What if we aren’t given the graph of a function?
we will ~Ned o wouy Yo Qocode
VO [\mir\ ) ran Loompore R \)o&\t&s
03\— ‘\%,sz. \QD\\'\*; and o tle 200 ‘)Db:"(
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Recall: Earlier we discussed the Extreme Value Theorem which states that on a closed
interval, a continuous function attains both an absolute max and an absolute min.

We hd  nohtes  Muk  abs  moak/mi~
occur oX it o QA\A()D'\Y"B
sc 2 Jacd W\w)mw Py &n,’rs explowe

Go«-&“"

Fermat’s Theorem: If f has a local maximum or minimum at ¢, and if f’(c) exists,
then f'(c)=0. s\ope_@ o

Are all places where the derivative is zero a local max/min?
L evn £GOY= 2
.Fl(d,)—; 3>
o o x=0 £()=° —
QUT  Joole ok T 8“?)]1, \//
)(\,4,} \(Jo\\r\‘Y % nof o ARC

et [ i

Caution: Some Important Points

Do local max/min occur only at places where the derivative is zero?

e

o AonQ
\ min Ak
—F ‘{0) =DNE
Definition: A critical number of a function fis a number c in the d@f f such that
either f'(c)=0or f’(c)does not exist. L(_o.:)
ex, 4=1
x

£'(o) one S

Y=0 i m\- > e

So Fo< J(L’g e)( Yhae ot
c ANl nmiseeg
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So, rephrasing Fermat’s Theorem:
If f has a local maximum or minimum at ¢, then c is a critical number of f.

‘\‘9 Q.occc\ﬁ MW&‘/MW\ ) e ‘PNA ad X
créna:& Aepers (CN)

. @\Mes WJhew £10)z0 oc £'x)= dNE
Aot s i Yo oo~ %ﬂ*), Thew . ne
Comtidodes foe  par Jmin.

Example: Find the critical numbers of f(x)=-2x"+3x>.

)= - barg b
dodorad oM A Yine
b fla)=o o %= el
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Example: Find the critical numbers of f(x)=x-—sinx.

‘FL(‘L - l— Cos—% ﬂL“—(;’\"Q-A"
Qvﬁa\d
O = \-— coSL

| = cos

d= 0, 2w, 20, .-
o 4= AN n ,v\eE‘ (r\ S an m‘rtax>

Question: How can we use the idea of critical points to help us find absolute max/min?

CNY \\n&fs as Locade  Nocad  most[man
S aSaS M»L/mx\-\ occe @ e2iver
‘&.o U?vm e )\mu‘ﬁ o e ‘30\\'\*5 .
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The Closed Interval Method: To find the absolute max and min values of a continuous

function f'on a closed interval [a, b]:

1. Find the critical numbers of fin (a, b).
2. Find the values of f at the critical numbers.

3. Find the values of f at the endpoints of the interval.

4. Select the largest value of f as the absolute max, and the smallest as the absolute min.

Example: Find the absolute max and min of f(x) =

£= ) - x (30 o

()

£10= Q\;j’; v o
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G+ \)*
o= \-+"

0= (=LY lex)
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on [0, 2].
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Application: The risk of exposure to harmful fungi that thrive in buildings appears to
increase in damp environments. Researchers have discovered that by controlling both the
temperature and the relative humidity in a building, the growth of the fungus A.
versicolor can be limited. The relationship between temperature and relative humidity,
which limits growth, can be described by

R(T)=-0.00007T" 4+ 0.0401T* —1.6572T +97.086 for 15<T < 46

where R(T) is the relative humidity (in %) and T is the temperature (in °C). Find the

temperature at which the relative humidity is minimized.
[Source: “Calculus for the Life Sciences”, Greenwell, Ritchey, and Lial, 2003.]

R'(M) = < 0.000UT* £ 0.,0802T — \.bSF2
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The Mean Value Theorem (4.2)

Example: If policewoman Betsy sees Paula enter the 407 at the QEW in Burlington (just
outside Hamilton) at precisely 12:00 noon, and then her husband policeman Bobby sees
Paula 107 km away exiting the 407 at HWY 7 in Pickering at precisely 12:45 pm, can
they give her a speeding ticket?

Ad = lQi—— jes sL'L Con~
TAY a5 aé,v{‘ o "Hclfuii
= 143 ILM/}\(

Actually, if we assume that the position function (distance vs. time) is continuous and
differentiable at all times, then there must have been at least one time during the trip
when Paula was traveling at 143 km/hour. Why?

Swnie - oa '\ro.\/o/ueo) o oNecrage &ﬁ_ 3 Km / L o
Mon & fnd  posble o oQ oo
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The Mean Value Theorem: Let f be a function which has the following properties:
1. f is continuous on the closed interval [a, b].
2. f is differentiable on the open interval (a, b).

\u>

Then there is a number ¢ in (a, b) such that

_ )~ f(@)

o)==

or equivalently,

f) - f(@)=fe)b-a)

—Q‘- above ex 'l:,"—o +t, = US it = O3S
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A special case occurs when f(a)= f(b):

Rolle’s Theorem: If f(a)= f(b),and f satisfies the properties 1 and 2 listed above,
Then there exists some number ¢ in (a, b) such that f'(c) =0.

by MT i) = SB[ ce(a)b)

bL—a
= O sme Hb) = F(a.)
b-a
=0
Graphically, we have: W‘k )
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Note: Properties 1 (continuity) and 2 (differentiability) have to hold for both theorems!
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Both of these theorems give us an important link between information about a function,
and information about the derivative of a function!
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Example: Verify that f(x)=x"+x—1 satisfies the properties of the MVT on [0, 2], and
then find all numbers c that satisfy the conclusion of the MVT. Q
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Example: Suppose that f (f)/: 7 and f’(x)<4 for all values of x. How large can f (%)
possibly be?

we kroos €)= £l) —F (@) for ce 1) b
[N
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£ 3’; Fle) ¢y
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The Mean Value Theorem can be used to prove various facts of differential calculus.
Refer to Theorem 5 (pg. 284) and Corollary 7 (pg. 284) for two examples.

[5] THEOREM If f'(x) = O for all x in an interval (a, b), then f is constant on (a, b).

COROLLARY If f'(x) = g'(x) for all x in an interval (a, b), then f — g is con-
stant on (a, b); that is, f(x) = g(x) + ¢ where ¢ is a constant.

10
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Example: Show that the equation@o has exactly one real root. 5 \'d‘m’\: 5 {’:
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How Derivatives Affect the Shape of Graphs(4.3)

Question: Suppose you are given f(x)=2x" —3x> —12x. How would you sketch

B2 kg pors Fron ded o voduas i Yedtows

N c&\n&.s L\Q =y Y~
ol e f! J o~ LV ehose~  yow
even m'\\.:S6 fo&('}'U\-f\'{' 7%0\.“"({){} Jf ’71}&/ (j(t;")%..z

Our work so far in this course has given us lots of information about functions and their
derivatives; combining all of this information, we are able to accurately sketch functions!

eX. _ AOWwin
— \(\\'Q\‘CQ(;*S

— oy i

Increasing/Decreasing Test:
a) If f’(x) >0 on an interval, then f is increasing on that interval.

b) If f’(x) <0 on an interval, then f is decreasing on that interval.

e AP

Example: Find where the function f(x) = 2x3 =3x* —=12x is increasing and where it

is decreasing. " =\ fe =0
S )= Gorex 12 AL R
=—o(x*-=x-2) d-2| —\ -\ =+
= G{a—2XAx0) el ) —\ x|y )
e Yhere's Y*\‘*&—\*\"Q“C“-\\\" £ | X A

30\A CO /(»DOLO“J(_ S{gns o"b 'P— / ~. /

°

oo 'C 6Nt ow (—c’b\'—\>cﬁo)('z)e-—’>> °-‘) "F{_s A.G-L o C._\)7_>
What’s happening at the points x =—land x =2 in our above example?
thise are  cacclidetes For locad max/imin
SQo_ 15t deciv. Jest /Z,Q{ow

12
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not” Yy {\x
! L (p(\:\cf\\*"w
=0 &- DNE
The First Derivative Test /‘F /c) > %

Suppose that ¢ is £eritical numbedof @Einu}ﬁ‘u/nction f.

a) If f’ changes from positive to negative at ¢, then f has a local maximum at c.

b) If " changes from negative to positive at ¢, then f has a local minimum at c.

¢) If f” does not change sign at ¢ (for example, if f” is positive on both sides of ¢
or negative on both sides), then f has no local maximum or minimum at c.

Application: An autocatalytic chemical reaction is one in which the product being
formed causes the rate of formation to increase. The rate of a certain autocatalytic
reaction is given by V(x) =12x(100—x) where x is the quantity of the product present
and 100 represents the quantity of chemical present initially. For what value of x is the

rate of the reaction a maximum?
[Source: Calculus for the Life Sciences by Greenwell, Ritchey and Lial, 2003]

\ [:(.)—.:. 1200w — (22>
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13
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Question: So far, we have used the first derivative to tell us if a function is increasing or
decreasing, but how do we learn more about the shape?

Example:

as compared to

}\-ZS«(. 7£‘lr\c7t/'0n$ A€ /607‘/\ Increas)
7,6:&" H curvature s diferent. }Q?

Definition: If the graph of f lies above all of its tangents on an interval /, then it is
called concave upward on /. If the graph of f lies below all of its tangents on 7, it is
called concave downward on /.

2

|
|
|

b

\
c 1ep ol ep jeu lep

Definition: A point P on a curve y = f(x) is called an inflection point if f is
continuous there and the curve changes from concave upward to concave downward (or

vice versa) at P. -F“(,L)—.:o solves o possible O‘b).:\nﬁ. L:(DLTL kf:\;o&\
WY chrc Lo YO

Definition: (Concavity test)
a) If f”(x)>0 forall x in I, then the graph of f is concave upward on /.

b) If f”(x)<0 forall x in I, then the graph of f is concave downward on I.

Example: f(x)=2x3 —3x* —12x (again! ©) e\
‘FL{‘X)‘"‘ 6> ~6x -2 o \ < \ ""W
£h )= 12a-6 2~

O=6@-1) el =\ 4

. D QN
o ssible Rond of Trdfechvn x=% £
? ondd z7 &b on (oo, & oed %=1,

S
CWK on (\/& )00> 1 0149'0‘
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In addition, information about the second derivative can also help us to classify local

mav/min! e, TE olceady foued £ i e do do 27 dacy. Yt
‘ e oo rst S dsciv. Yot

The Second Derivative Test: Suppose f” is continuous near c.
If f'(c)=0and f”(c)>0,then f has alocal minimum at c.
If f'(c)=0and f”(c)<0,then f has alocal maximum at c.

Example: f(x)=2x"—3x—12x
) (ar —molz = Cle)(x-2) on's x=- 2
-Fll(x)—a k=6 = 6(2x-1)
£(+0)= )6 = —g <0 =N D = locl mAX S x=-]

02y = 2(2)-b = & >0 < O cu = Jocod MIN ok x=>
Ll Hon

d“?&{;ﬁg poRes
Example: So, finally, what does f(x) = 2x° —=3x% —12x look like? oﬁ Hese (o es \\
Dovrein, LR
\Y\A(fojgﬁ a-\\«b D - 1(0\3— (o)~ (’L(o) .'.:j—- o
2-mt (57 o (-3~ 12)
0= QL(SLXQL_ 3~5>(7“' ](&) umxzb ’Y)u&&"&mufov

-t %= o, 3‘3)—I~&

no aj‘\Irr\F%‘kS
;\J K= -1 was XPQ“'Q MAX P K=2 W /(oc«( fin
- ézq’ j—::—lo
P01nF =4 fet Fhen CU
Jf; ~QL§_
Zo
(0
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Indeterminate Forms and L’Hospital’s Rule (4.4)

Recall: In the past, we’ve encountered limits of the form “%” and developed techniques

to evaluate them.
ed weve — Foctean
The Sicedeyes W ogpli S
- m’\\‘r\d\‘f‘

- “~ }:/A'o\c\ Cu-sa\ﬁ/

. 0
Question: What about other examples of the form “—" where our techmques don’t

work? ex. i LY‘ X

=) A~

This limit is called an indeterminate form of type ¢ 8 »”

oo A 2 d LU:‘- OW
Also, we had techniques for evaluating limits of the form “—" wl o‘ﬂ/) % ( ;I

oo %M"’N
ex. ,Qw-v, MX_ &\'W) 5 *i @ '3 ﬂ
A= o qq_'z_f)\q_&] A = o - ;3.

i L !
Question: But what about examples where our techniques no longer apply?

ex, j\vm _\2&

1D X-)

This limit is called an indeterminate form of type «Zn

L’Hospital’s Rule: Suppose fand g are differentiable and g’(x) # 0 near a (except
possibly at @). Suppose that

lim f(x)=0 and limg(x)=0 e have %
or !rl_l;l;lf(.x,'):ioo and !\fl_l‘)l}g(x):ioo o -
o> \
Then o (LJV\Q o&%‘ N

lim? O — jjm L)
x—a g(x) xoa g (x)

if the limit on the right side exists or is oo or -oo.

w__1
o \ e
Example: fim P ry e musy ndicake W ol |
o -1 x—1 Jou wse L \—(Qf\*ubs e
= v <
D ”T‘ \A
S skt (Y e el o
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i q
Inx " fsem
Example: lim—1 =0
X—> o0 xX—
L‘H . \ \)\SU\O&'\}Q ‘)‘“ K
A o __\—
— O !
” “
e’ +3x =L *F\v

Example: lim 1 oo
X—> nx R "L
\ €A O L\K e
e

7&%

T
N b x (e".(.'i) - =

Application: Consider an electrical circuit consisting of an electromotive force that
produces a voltage V, a resistor with resistance R, and an inductor with inductance L. It is
shown in electrical circuit theory that if the voltage is first applied at time =0, then the

current  flowing through the circuit at time 7 is given by I = %(1— e ®"""). What is the

effect on the current at a fixed time ¢ if the resistance approaches 0 (i.e. R —0")?
[Source: Calculus: Early Transcendentals, Single Variable, 8% ed. By H. Anton, L. Bivens, S. Davis, 2005.]

Picture modified from http://calculus.sjdccd.cc.ca.us/ODE/7-A-4/7-A-4-h.html
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R‘) O-(~ L \ O(\J/E
S Yok fd e caned
. L S sl Yo T = \‘[T.
Example: lim —COSX \s\— .
= 0tan x s Ao LCD S
_ _&Wn Yx &V"") Cosae \,gu-lk in. C.;; . L osX
- e L WS * =
A0 ‘}&,gjk_ \/)UY\ d e -te\-\-ag
10" foewm \
L‘H & 0 — \ _ Y ~\ =3 ‘;H )“M L - oA
= 220 L.. - l?, Ao ger_zx_
A0 gecta
=4l -3
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Now, what if it looks like the answer is something like “oo (0?7

This limit is called an indeterminate form of type “co*(0”. , ,

ke 4 /9D //*@«
Example: lim x’e* Uop . 0" foern 4¢5 Yo Q‘f a "’\J‘ 5 7 -2 e
So M- L /{ con /6'( 6\0()1-‘1”}'

X—> —o0

- ).VW\ —d‘l

A4S - &7

T Ad-om
Example: lim sinx-Inx

x— 0"

- .thw ——-&' nol

LY A\
= Yo X
20t _Cscxw
v Co S
Stk SymC
2 w U
o
a0t T s o
« _1
L\K ° .
e T R = 220 -.0-0

A s e
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Name:
Finally, what if it looks like the answer is something like “ 0% or« oo” » or “177?
These can be converted to a limit of the form “co* (0™,
Ly e Yo Yol /Q.r\ oj both~ sydas 0E CAREFUL
‘..NJ‘ S OLOV‘“'"
Yer expo o He J
ge back e o H3
y w oW ‘A)« OunS W w("LOVJ‘
Example: }LII;X * 2 ™ Mn 17
\/:L
D L
jn = Jh‘*
r\(j - J— X J r
xX ‘)V\O\J\) o\({(@ Y)-v\\‘]‘
r\ = /
- w 2 oo
wofb_ w-\‘\/t\ —\"AG o
f o
Do 9 :) A
Ao at—bob )
now e move ./ah
S ey = g (L sidas

A 0
Jom =\
A P y
X
&\\'ﬂ X = 1 o
YD
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Summary of Curve Sketching (4.5)

Cb&u&-\xs \,\,e,\‘o.s uws "to S\ll.zh‘l\ Cucwes,
Even ¥ ‘LQC’\"M\“?)\{) & wsed "(:&( oo sbue~
aow vwa nag S u'(\()o:\'dc.lf info dé 0\_‘(—1“\&\']\»*\
(‘aov\ oy ot Wrow Yo oo b-\/o‘,j— M o
\(w(‘!ric,\,&.w Spot Yo sea  weve detedl
’wa\'\’ Wm0 ‘*l«o_gg l@é SYOQB wK‘H«\uJ‘ C.c&c.uﬁ\\,\s

Summary of Curve Sketching:

e domain e regions of concavity
* asymptotes e actual P.O.Inf. 21 S dest
e intercepts o local max/min ="~ } j)‘t
e critical numbers ~+3) > o/ regions of increasing/decreasing ,(;]Q (eSS
® possible P.O.Inf. « 4 yadwis e\ symmetry 1o ,fm?\jh
0 e
3 Y S/ N
x =1 A 0"% \(‘
Example: f(x)= 3 °
x +1
, 6x” , —12x(2x° = 1)
Hint: You may use the fact that )= ~—3 .. and f(x)= 3 3
(x+1) (x”+1)
Dormain * ﬁ-’,*\ ©
So\V& $ = -) VA

&9—1\0‘”\:%0 l o
I S B P io;) N A

\';/: S Aote A4 A2t l//i/? no HA €x3h
aﬁ:\g \r\\f)\u\- ‘)ovﬁ(\oém_
Cj_wd: . - -1
el Y=o é
ks 0= A
L 4=O ( SR A3t
set ) o
o—=
e §
en's .
\
ot W‘&L'(_\NQ
CN /&
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o po > gz -\ (268 1)

$OV4 ‘(“[") Q\wﬁ @’%.H )3
—_o -1\ A
\ \ S »x =
ol B o I
Qt}-el) —| + + +
£ -{— ,R’f
—F \
POlrug

wt
£ dloy W@

cN's x=-1 ed O ol veody K Uﬁ- ‘\4"3
Obwal@?c& o no Rocalt M/Mt% Gl w CU o Q) reqion

'&N MIN o MAL )
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Name:

Example: Sketch a graph of y= f(x) with all of the following properties:

(1) Domain: (—oc, —1)

gava

(7) f'(z) <0 on (3,5) ,Qc;.mll«j

8) local maximum at 3

(2) f(2) =0 (2, o)
(3) flz) =—f(—2z) 0dd ,spmw\yn 9) local minimum at 5
(4) lim, f{l‘ 4%1111 flz) = —o0 (10) () 2 0on (4,6) CW
0K r_x[I £I L
v\/_/
3= 11) f"(z) < 0on (1,4) U (¢ b
(5) f S{) nf(J)\—‘(M mm/gwm (11) f"(z) < 0on (1,4)U ()OG) ol
(6) f'(z) > 0 on (1.3) A5, 00) (12) f"(4) =0, f"(6) = a.cw
. t\'\'VWJ‘S
Mr—bam\.ﬁ ! e e \
sk ET T
HA D)
A2~
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Optimization Problems (4.7)

Optimization problems are essentially problems of finding the absolute maximum or
minimum of a function (which we already know how to do!), but we must first be able to
set up the problem.

Steps in Solving Optimization Problems:

1. Understand the problem. Draw a diagram Introduce notation (variables).

2. Figure out the variable to be maximized, and use the information in the question
to express this variable in terms of one other variable.

3. Find domain

4. Find the absolute maximum or minimum of the function on its domain. Show
that the critical point is indeed an absolute max or min!

o 1™or2" derivative test o Closed Interval Method. e using limits on open interval

5. Answer the question

Example: Find two numbers whose difference is 100 and whose product is a minimum.
/Uaco,\a/g Ao Hhe numéﬁdw-e}P/(,{_W
+han J——ac. = 0O
oad P 7_290 e—dhie s o fe mini mized
corand o e dveng g etk x or(j Oy\b
soWC far JZ(OO“‘ pd Sh i~ P

Pf— ((od)-e x\@
P n Funchon e

= 00 ¢ X > Dowmain xe® &5 n & perh
DW\‘;ND 2 ¥ nol r‘gfgi’g(’k‘d fo A= rﬁ\gk e qued.

\
M3A3 v~ wll occur Q{; P(X)ZO
?t —= o0 + Ax

0= l(?omo) enis x= S0 e 2 dsiy desk
Yo chowo MINIMWR €F7
"= a >0
P Ay s Cw

Y= -go is MiN

ND"‘J answér ) 3%97%

‘,bo ,_.}7% fwo numbecy oo —SO &w SO ‘f\ogu} min brod = - 2500
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Example: What angle 6 between two edges of length 3 will result in an isosceles
triangle with the largest area?

RRN )= 2
A"Az“\a < S \-J_-/

— ?)Lo §'_ = 5 D
A=L% « ST ° * 3
VY &\= % 3
iy Y% ;
c% o= \IW\(JOC . Q %\M&- - =

z A/ H %/

X

A= 3(e s,m%)(g mf%)
A= 4 sm(%ﬁ“@ A
i)~ bl

02 5if) 3 () fe o A B Ao
%sw«lg)t 32‘(-“’; K’%)

sw’ (.%5 N LQQ@:> e Loy s = 5 o~

o)== &
S\'h(.f-bh) = I ('05(?,> \%_ 01: -IT/"( ov S__i\:—
s AL \ 3
bll

o(ovvxu\\'\ O L 64‘_({\

T, A 3
3‘%';\\/“/}1, " ond S\\AOL':'C'OSOL
re Sl NN -am, , X
R A

™o AVA
aw«:gﬁ
o0&
'“\A’(Q(\;b& M’\/\\Qéx

oW show ex oX B‘c—\(/z ) e\osad)

(o1 ol - A
= e ()= o Yo = )e) = % |

A/L'(\B’r/ C\S\V\@\ U’% =© ° CJ- )(’-’W/ \Z)ov\ e Mo
©° MZW%‘ o'(‘ Y osceles D.
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Name:

Example: A farmer wants to fence off a rectangular field with an area of 1000m*. What
dimensions should it be so that fencing costs are minimized?

IOOO——.,QN
i A= (000 ""’ niei e Cost

L [C ({ PR mi%\“ns ?&f&\e\\l ,
\ oS .YGIAVN
P= AL € AW woatin )
lovo _ [
P=2 l_°29>-e Lo )
W)
= 2009 4 AW a&mfx{vf\ W29 o w&(o)oo)

w0
. 1 __
® = —2002 4 it of PI=0
w}
O-.: — o000 + L

w >
2000 = Jw?

Q1 000 :&EO imw

oo 000 =W N now o s\\o\,-) VAN YW,

' Raeids Yhis Yt Yo
w\':}\\m'\\:w C\O;la ntRev ol M’(\\oa

o)

o
e R (o) 1 ondebivad QUK &vgo %523-(- pt J

o ?(Jiese )= 2 ({Tomo )+ él@'o_o?) = [2b.%9 Thiy

Sl\owS

QP(OO> con m\n'j }I‘( O(M wf'){\o\ -/th.\'-l-o cnN UJZJE

dj I - \A
X}M 2000 %Z‘ 1 KX MNMAUNOAMAN~
N Y] ;5

° 4y w~nimize cost  use

09
‘XZ w =+ (000 m
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Name:
Example: A sheet of cardboard 3 ft. by 4 ft. will be made into a box by cutting equal-
sized squares from each corner and folding up the four edges. What will be the
dimensions of the box with largest volume?

=
3 ﬂ Y_2x
\1

3-2*

~ (3-2:)(4-251)

o (12 -y + Yx)
(B = 4ot + 4%

dovron U2 @ 3-2x%0
A0 U> 2x 332X
2> l.s %%
* domann 1€ o Ls’l
\J' = \2- 28w 4 2"
O=\M (sz—:}i*k'%)
A= } *\ST?’ oc X = }-\ﬁ_’;
A A
L= 19F g b L2 0.5EST HIHSY
aOm(A;r‘ how showo MAX é
oy closed wirevall maiho
\ILO)’: (@)
U(osbsilusi)z 3,032 | “MAX of
X< 0.5653 .. ft
OV use 1“9 3}(\\1‘ "Ny

wifl~ \)o\un-m: 3,032 '&‘3
= — 2% 4242

Aivransins G
h=0.5F
= 2.8%
lost)- g o MR !
C\aost o= M&\NQ

W= [.¥?
Al Afostest.
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Application: A factory needs to run a pipeline across a 1 km wide river to a point that is
also 2 km east of its factory. It costs $5 million/km of pipeline built under the river, and
$3 million/km of pipeline built on land. In order to minimize costs, how far to the east of
the company’s factory should the pipeline be when it crosses out of the river?

(et = SL +3(3-%)

C-slm ) o2
domah  LE Eo\ll

Wim

= sU"\ AOM\"‘
A ‘

Dowd v mum  On \:0,2’&
()= sfiae + 3(2-0) =\
c(’s&)-_ S\r\;@z*s(m—’m& = 1O 'Hg“\‘\iw
. Mim
c(2) =5 = 3 - = W2 ) ok

)L:3A_‘

go K\QQ_D\\\-Q S\\QL;&A v %/ le
St Y the Hachny hen

i+ crosses the river,

27



281 Ch 4 APcalc Date: Name:

Application: Consider a cylindrical tin can which is to be constructed by joining the
ends of a rectangular piece of metal to form the cylindrical side, and then attaching
circular pieces to form the top and bottom. There are seams around the perimeter of the
top and bottom and there is one seam down the side surface (where the ends of the
rectangle join together). Suppose the volume of the can is 1000€m’> Also suppose that
the cost of the material is $1.00 per m” and the cost of the seam is $0.20 per Find
the dimensions of the can that will minimize the cost.

Q< N
N\ Sh= ‘L‘\'\&\)* Sé]‘r )

(OOO :-“"7,\'\ %ﬁ‘,"ﬁ: \y\"t 3(’37(‘)

27(¢

"
< i
O Cat= (.00 (Swga(e Ma) + O.OO)(L,D% gwlm)

C = ITch+ 2T+ 0.0 + 0.00 3¢

f”o:m I 0.0

([QCwm  cw od  Ond Joeio e
| 000 =ln
T
l & 2V + 0002 \oo\)\_w O0% Ty

C-= Q00Q t2We* + Py + 0.0 %Wy
-

\c*
&OM&W T 20

| k) o)
C= ~W0 M, - Y, 000%T
< Te> lovo 50
Tie®
= 2 L
OTW P AR XA g by o
/\Tfs V\b_\_j-f;mw
O-= HTT’Lr"-e o.ooeé'“lf% ,7/000'\\( -4 %@0\
naed ‘\ﬁc‘:\vxo\OCjJ o {:ud% ng*\\o Y= gy
CLO) —> v—?D 7/ % in ot SEX T
- o vioy
(5 ) =553y - e e

P

v 20 = o
) > L ‘%/* “Y[* % _&M\YY chacl CE 0.4 ) = 5%,
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Antiderivatives (4.9)

So far, given a function, we know how to find a rate of change, but what if all we knew
was how a function was changing with time, and we wanted to find out about the

ion i ? . -
function itself” ex. o e \J.QX\':QG-}) vk is ‘H"L ()os\\"mw anc{\‘oh'{

Definition: A function F is called an antiderivative of f on an interval [ if
F'(x)= f(x) forall x in I.

?(‘1)-&‘-:\\{}-&-(\/6&% 53 o 'ﬁ&r\b\'ﬂhﬂ -P(v») 1S o~ ALY
fundor  Lhore slope T gden Xy ),

0) A) = x
&) 2‘;\:(3 £(=)

Example: o FH)==* 5
3 by Tl 1
‘(:l’l.m\\,n 01"‘@'3 e wo ke ? F\(l)—.: -‘3— (3)(1?‘) - oL

Xo\‘?}%ﬂs ; /%W{' UJ\\(AA“ O&Dl/d_ F(X)z J:g"lg"{"

= \Y’z“’} Fla)= o> <0 Vb oo

4

1ot ] Loy shifh d _31’13 will werk

Theorem: If F is an antiderivative of f on an interval [, then the most general
antiderivative of f on [ is

F(x)fcC "C“‘a et
where C is an arbitrary constant. ons
2 So —Q( a_(oQ\fQ 'e.o(“ ~
7o) A propre oy do wrde s Fl) =g 3 C

zé*ﬂz_(e_ ‘C()ﬁ\’:’*
ten F(x)= 32“3}'6&

£
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%@ o= S m\‘\*\‘JQ'N.

Name:
_Adore T PN e by Yhedr ceqdiing
,ex()O ] or
Examples: 1) f(x)= /\@)‘ T()= -\q 2k C vl “\D%_ “0
A =2
- €T
) f(x)=x" Fl)= L c = =L+ C
. LT M
y f=x" Fl= T 02w e
S—/‘t S

To deal with more complicated functions, we have the following properties to help us:
e If F(X) is an antiderivative of f(x),then k- F(x)is an antiderivative of k- f(x)

e If F(X) is an antiderivative of f(x) and G) is an antiderivative of g(x), then
F(x)*£G(x) is an antiderivative of f(x)* g(x)

Examples: 1) f(x)= 2x" +3x+ 1_7;0

2 f(x)=5sinx+2x 2

?(1)11_%‘{-& 52-:-—&)2:‘_ +C

2 I

Y
2
F(1)= —Stose +2%

L e

i
£C =~ Stavx+ Y 2 C

z
Table of Useful Antidifferentiation Formulas: -
f(x) F(x) (%) F(0)
n n+l 2
X (for n#-1) X sec? x tan x
n+l
! 1@ sec x tan x sec x
x ‘ ceed Yo nalee dofinad
e e’ 1 sin”' x
1-x?
Sin x TR 1 tan”' x
1+x°
Cos X sin x B CD{( o Ve
Ji1—* Sk
Insr
Examples: . "
I _ _ N - _ c
f(x)=T7secxtanx+—x"° Fl)= TFseew. & .13* < C Fsecx é—gﬁ. <+

3
1-x

Fy=2-
X

c6)= el

-5

- :)).SKVC"DL + O
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2 s/.
x“+3x 2 3.
f="7 A{OSICIPS VEEYY
_ e vy % >k
< D _ s), 2y
=2 4 "4 A2t C
S

Some More Examples:

roon 5 .
it f (x)—8cosx—1+x2 find f(x). ‘H’L)’— Ssmol — Sto'se « ¢

If £(x)=vx(x+1), find f(x). Sle. ly 5/
- 3 My ’G (a.) = F “+ x + C = z ‘
s S o & — S
S/ 3/
2 2

Recall: Because of the arbitrary constant of integration, we end up finding a family of
solutions.

3
’ ex. -Pm\{&ﬁ.ci\lo;\ﬁ\m og - e —3%:;' < C

: \ o -\:\\NJ Ovi— e v C&.\NL C
1 (_:\’LL Cons Yo \ {\"\ﬁSm“ﬁ\r\) aou\ A
\’\L\\fe— 3\”0 k&. é.\\mo\é O.)o' \‘"ﬂ)«\mi 3 t"%( moj'm ~

Example: If f(x)=x" and £(0)=5, find f(x).
=L v sk (ovs)
S= —é(o)zﬁc_

S =C

2 TN %a} S
S+ 34x

Example: I (%) =XT and £ (1) =§, find f(x).

- —S/z
S ST

=
3 3] . 3 —3h

l/ = - = . X ’;J—l "‘Ql "k;-‘

L=2) -2 e £(x) L

.l ’,J - C’zl‘

2737 2t

3,

X+ 2% < C
TB
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Example: If f”(x)=sinx+x with f(0)=7 and f’(0)=2, find f(x).
‘Fl(ﬂ’;-cos'x -&—7\:1"' +C  sdbin {‘(o):g\
- -—-Cos(o.) ._['_]i('o.)z-ﬁc L Cz 3
x(" {'i)’: — Cos+o. « _;_cj,,?- <33
-P[‘i)c w&\\'\f;(,_\—%'jf 4 do¢ -t D
F= - &\Y\(o)+-6L[o > 3/0}—(‘D Y=o

[ Fla)= — S~ < L4 Bx)
Sometimes, it is difficult or impossible to Tind the antiderivative of a function, but we can

sed ‘F[O): >

still gather info about it graphically. Wt c cl)
— gephicad. Tepresadodien o oo gokudion Yo e A exgmle
1rection fiele; which shows the slope at given points, can be used to sketch a graph o
Aldirection fi hich sh he sl i i b d to sketch h of
the antiderivative of a function. E.g. If f'(x) @gdéf@):_l, sketch f(x).
R e ) L) naad R
o dhows dopr THETEEIIT L o Ky
N VN L k wathsd (Ch?)
o ) Lo L N 24
) s € Hiv /N
Yo WoN® N s AT AL
)™ N
oV’ W\ A e T E TN '
o o g A= N (<0 sepn
o “\4“"’“5“\, gj b AN e e P AN ‘ ‘
grer et ) L ek,
_ A\ i&\\j/‘fﬁzjﬁ/‘ff/‘i\,tl (( )
P07 gy v )= st (e -2
e P e S AP U
chy ¥ o a0 efe -
Yo e ¥

Example: In each of the graphs below, determine which curve is f(x), and which curve
is the antiderivative of f(x). W- sy £0<)
S laed

(+)
-4

7\ Fb)
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Application: Suppose the rate of change of concentration of a vitamin in the

bloodstream at time ¢ is given by

@ — _0.16—0.3t

t=2 c=| dt

If there is ( Tmg of the vitamin in the bloodstream, then what is the concentration

as a function of time?
[Source: Modified from “Calculus for Biology and Medicine” by Claudia Neuhauser, 2™ ed., Prentice Hall, 2004]

C = _o‘\Q-'Os'Sf‘ A ™
— 0>
'Fmol (onsiont O i -Z:“: C)/ ¢=1
- .3(0
= 0.0e° . D
0.3
[ = D -0.3%+
B S ';—L e 2’—
3 =3 ¢ +3

7% =D
Application: A ball is thrown upward with a speed of 10 m/s from a building that is 30m
tall. Find a formula describing the height of the ball above the ground ¢ seconds later.

Choosa WP o ()o&(\‘t\/b )
We Keows  accelom®on due to A< ity
= —a.8 S - 0&_..—_)7-0’7 S[

\
o= ‘H:)Z ch ~ veloct > e
> 0?3 Q\ci— a,c[ob_zﬁ\x«) s

noglt)= —98E o
sub V(o)= (O
) o

lOv_ _Cl\.&[o)-tC. Lo = (o e 0&9\ &uf\c\\r"d e
AT ek up ¥
(k)= —982 + (0 A dwﬁ“mm
\V(jl_’)" 3‘['{) an\i&ﬁ‘N“h::N é)\a,(\:ml\ﬂ"f‘
D
_ _qgtr ot T roesd ROX 0
ste)= 2.3 e odue ¥
sub s(e)= 30 dany  0re0”
s (ChS)

20 = — 4. 4(0)%+ 0(2)%D

30=D
2 00 a_s“\ﬁ 4’9
= slk)= LAt L et £ 30J C&\\‘)_\;D&:\\&\ Londion
Wi OA-E) /NS
oL eI e s‘yUJ 4 \(>0€3ﬂb~.
o e eginag ! o
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