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Rational Functions Unit
Tentative TEST date

Big idea/Learning Goals

This unit begins with the study of how to graph rational functions that are reciprocals of linear and quadratic

functions. Once you understand the idea of how zeros and vertical asymptotes are related, you will learn how to
sketch rational functions with a non-constant numerator — this will involve the study of the main characteristics of

the rational function: the y-intercepts, zeros, holes, vertical asymptotes, horizontal asymptotes and oblique

asymptotes. You will learn to solve rational equations and inequalities as well as word problems that are modeled

by rational functions. At the end you will yet again revisit the rates of change but with rational functions.

Caomractions for the texdbook answers:
Sec 51 #9¢) y-int=-12, d) range ==0.5
Sec 52 #2i)HA aty=2
Sec 5.3 #5¢) y=(x+5)\[4x-1) and y-int {0, -5) #3 HA not VA at y=1/2
Sec 54 #1300 1 min 32 sec or 1.04 min
Sec 55 #43) -S=x=-45 #5e) B0, f) (-inf, -2.), (0,3)  #6c) (-4, -2]or (-1, 2]
#7 x<-B, -1=x=1/2, 2x #3 there is a solution 0=<t<0.31 #11. 1=x=5
Sec 56 #%b)-12 #10a)11.3%, bj1.29

Success Criteria

O | am ready for this unit if | am confident in the following review topics
Rational expressicns

Transformations

Domain & range

Asymplotes

End behaviour

Symmetry

Average and instantanecus rates of change

Family of functions

Solving equations and inequalities

O | understand the new topics for this unit if | can do the practice questions in the textbook/handouts

Date pg | Topics # of quest. done?

You may be askad {o show them
. Reciprocal Graphs
K \{( M| 2°M | Section 5.1 & Handout

_ INVESTIGATION of Other Rational Graphs - 2 days
ﬁW s-9 Section 5.2 & Handout

Graphing Rational Functions
her (o-12 Section 5.3 & THREE Handouls

Solve Rational Inequalities
N{ \\ | 3 - 57| Section 5.5 & TWO Handouts

_ Solve Rational Equations
N‘V\ [6 F Section 5.4 & THREE Handouls

Ry Frpez| 1§-1q | Problem Solve

_ Rates of Change of Rationals
?\0( \\ 20-2 Section 5.6 ?
\

TWO EXTRA assignments
- Rationals and polynomials
- Problem Solve with Rationals

Reflect - previous TEST mark . Overall mark now
Looking back, what can you improve upon?
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Reciprocal Graphs — p\(p\\\')r\&& %m{,ks wN\ O\&A% DNE n mxwero\*br

_%. A o —
u 1. Describe what is the relationship between characteristics of f(x) graph and its reciprocal,

, graph.
X

{Include the following characleristics: zeros, y-intercepls, vedical asymptotes, end behavoiur, horizontal asymptotes, increase and decrease
intervals, points where the two graphs will meest.)

.:“.’\7. \XV\(LLQ\‘N\J = o0 ) i = 0O
S A = 7
\A. RS \
* R 6}) Q(-.;,\ W\ e \I°~(3ﬂ'm) oS W‘P\"\QS "b f(\g\,)

N ) $6) W R 2w *é‘-ﬁ

o end. Aeladione & S g e
“’% o XL\\W‘\Q\H %o’) s-%(ﬁ ‘@ \:)\&’)ﬁ o

s all Y FATRES A (o) Mreowe ‘\Tb Vol %ﬁ)
@yt 0'5\ Qan ¥ wil e (0,3.5

o I W\\ UX £ eorenses e AT~ "8%} \ wil\ dacrtase

¢ ‘S%&*) Wil wel j%@\ oX \’A:t\

2. Sketch the reciprocal graphs for the following

> TS T (N O W
dean = Kla)=do «S
=]

| :(1*ﬁ.xl
4 . %.. \ ..... -

............
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g ) cﬁfﬂéx%x +1 gmi | M\\P TOO&S dy=9x"+8x—x
R | = \ =

) atean ) -2+ 480 ’1(.:&‘-"\1«%)
Complelt g '.’, \ _ A wad
.;1(1} Llatl '»\3 <| .‘ (= 18 £40.%) &iv:,?;»

> bk - yv=a.

(
(
|
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@ s }.izxs j&) hy=2x-6x+5 = {(e) I (11— " ) 5
_ \ voge 489 S
) 2as ?La)i W3t L

f

N
N

u 3. You will learn how to sketch rational functions that have
¥'s in the numerator. You will see that some functions .
will have an obligque asymptote. See the example 3
graph =
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INVESTIGATION of Other Rational Graphs

1. Fill out the chart by looking at graphs to discover how to find the key characteristics from the equation without the use

of gra phs. Always try to factor both the numerator and the dencminator to see if there are any cancellations. If things don't simplify and the
numerator has a higher degree than the denominator do long division.

Graph Factor & simplify or State all the key characteristics:
do long division y-intercept, zeros, holes, VA, HA, OA

3

It.o Py ) ="— ,I - & x:ai "
T [a. o
: 0 wolE _(at 2D T,

I. ‘ u. Sw‘) x=0 t So'V{ Q.— J
f f | 1 ) — ’i’f" J//III'\L ‘L_——:- #L
o no als nHL et e @ -
el Aot T fachr z.%

.I PN g

=g NIt e B o tha denommaier

L '3'2::3) " :@Tl) - Yok desn) concell
] Hh 27

-

ARy

I
[
i
i
i
|
i
=
i
T
i
|
i
i
-
I'.
i

R S
x+1 3—-\“"";:——93“—/ = =)

&) =G %3

i s Hle abxect
Wy~ | I_' =i -3 (24T Vit x =2

7 - ~
HoLE ‘1 , - —
K= =f u,m{' 'i:VA Sk

(o,-o.w,I)'

Gapem = xazs g oy

1] y =S ]
X 1 f(x:' :x+2 — VA <1 ,Ji
1.4 x€2=©
e T TR Y=z
X 'i‘\ _0‘*‘ (0 o‘()
L l‘ | Y ) , ) D “\ cor
I 141:'0 (-‘I") /&’\3 AI'V\SI‘M . A %17/ ‘b‘\*‘;\h_{_ e
.
VA 3= 12 42 av ) »
| _ X2 L an 7
Dividod ‘—QQA'\D'\"Q"\")(DW\'SN){' Rom. = -] is The 5
Divided g et « Bom
Bvicer - Dovicor
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Factor & simplify or State all the key characteristics:
Graph . . do long division y-intercept, zeros, holes, VA OA
T8 =2t yewk yo A v og
Ank 08‘) : 3x-5 3(°)'5— s
TR B aog VA 3250
i e _II._ S - - /21/3 Aifgwl x$€
Lo e 2 L2
: (7'1") ——-":?/;
V& x= S,
| ' X 4
| ) 14z
et \\Job\\%\gql_ Asam»f'}uk f( }— 5 _
0’4 n w.\l H [ /_"-1 -2
: 5 Xt Q) 10w \
'\+ X 17._ Ao
13, Az |
1 At — 4
i R, 5
| e
] 24 2
- flx) ==
1 =
il: i & ;:-r-"ﬁ =
3l
:,_'-' Iif’: 1
b e |
'
II. |
'
5 'Ii A
e i 2
BRI d ",Lfl‘t'
i N
¥ L | 22408 0x-§ —
=,- o flx)e et
| 1"+ x Lt
| = [ 0r 7\
G not 0
=)
oy gince ~el

SRF Y
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Name:
Factor & simplify or State all the key characteristics:
Graph " do long division y-intercept, zeros, holes, VA, HA, OA
) | A _ Oy N q(o)
(x) = 2 é—, -:_______—_0
s’n"l&" "\99;/0-9' “ \) 4 I+ »* ’ lto
o I T A wf T2 qu-o VA \W2=o
N =2
EEFTT ETTIIr . O__ o halts = ok
U e e ced) & +0%t] )01"+‘11+o
T duiivg O T 7 _
Bewh 0l %ww) dbe,g:\\'“\:‘" Awide ™ L RA j ©
- _ J—x i _4_0O
AT L .
/1, VA &0
Ay R ﬁs 2-)(*.;0 - NINE
T e T e Tt 2=XK
N
> | J'—’,L'k 2 o
cﬂr\\‘ o Hﬁ D/
-' flx) = =3 L -0=3 --3
T —z’:. = T’::*:._—‘-—-r-"_ a %S &(111%/2/)50\[‘
g - 3 |0
e 2 (a- {3\ 4t /Z)
1 ;}q‘ﬂn&\ 4013 C (7’)(
| _ 3
0 Q1> A 0X42 -2 {y
) .\ HA’S:Z
l 1 E x—3
', Fx)=—=
:‘ . .'1 X _1
e’ L ‘ k ﬂ:\y\t = 0'3 -3
\ I . t o Rl \If\- )Ll'lco
e ?_.?...;jfh‘:' - BT I —2 = —
T Tw =0 (et )=°
oA - ~=3
i l : I )(: £\
Iy | oot A
1 K I HA(ja
X\L{X & Q’éﬁ\.ﬁ
oY\ l
U N
A
qf
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Note the orders of each factor and

how it affects the behaviour near zeros and VAs 3
+ =t houes
feXE g Lo deed
(x-D"(x+3)
W x=1 ﬁ%
Sarme sde

_ x4 DAx-3x-1°

f= T3] _
P g ool fowme x=3 ek KE hed

Vk x=0 w x—zc ""21’)<‘L

Sf R 5;\‘(
ch-lﬂ “"Qu mu

,\\‘

£

{
i
1
|
1
|

L]

Sy (x=3P(x+3)
-1’ x+D -4

o Jw

flx)=
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Graphing Rational Functions

Name:

1
Review how to graph the trdnsformed parent y = — graph.
x

at 2ach constant i

controls redquired.

L\es W (,.Jl«j_ * sketching Lhe-t«’-.:}ﬁaiafmd-pmnt ratjonal. \SNA
AL agadkive RS ; o LS
0\7;() =4  owse e Hectiony ;&_.3 %) Res foe 0

iay jtc to fiywe ok shegn e hole ¢ ’;:o""‘“';h cancellod tctor

° y—N\*‘ (Sku(a '}LQQ)

-0 0 Sv":o
IF K eyt s o "G
° SLUJ_UL\ H"“) VA p'.J

» H/\—jco ﬁg-\ﬂ”j“ o SWhp

Arursvo~
1 gdwas Yok usimy Lorg
3. Sketch the following ot g Y ’:,’ff‘l*”
g __ 2 - _2+45x N
A 3x+6@ b S 3—4x no_holes
- ne hales b y=aesl) ()
\A'\V\\‘* j',;[(o)té 3-4(o)
Thos o = 2+ S VA_ L -
e Re03 _ ’rﬁQ 3—ux = Y=o
o - -2 +Y4 3=Yx
x¢b _’%"1
2
= rea
36 X 4
Q=4 (3x46) _ 43 )satz
> (ax+2Y - = "—1- —_— 5 — ‘
R~ rx 7
—22 = [2x \/ 3 A, ||
- =2 IR
G f i
i —_— = —
i
{

o
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ni v ate: <« ame:
z 3 & OLﬂ-cL-— hF"'ﬁ‘*‘*’“’s
) c. f(x)=— d. f(x}=x —x+8 L -Yac !
—2x" +12x-19 eles x -y ;(.)(&) ryL
\eke ¥ 84 o . Y
WP A rg-wby-0 ':*g' =§.mqe@h X no Reos.

\
‘3\.&—33 \ VA @‘S/ fe)=fa-1) ¢ &

—1
i “““‘*\”“ ) wwo Sz bﬁ,
= —L + & S N —

|

‘V/ 2% ,.\y\*, go —-|)
""\" 1,0

"\ )

|

e
/
A
4
N
{owrd
e KX 3x-1 < M—,_‘_:

E e, f(;\)‘@ o i flx)= ﬁ 5 &(3%\) a \3
e Noles 7 NONE \aoles o) e D ~
* %tros/gt-im’c S\Jo =0 _ﬂ_ -3 =0 3 \'\N‘\%&&

P i

° %r}l\t <§\»)° =0 ) ‘i_ _ }—
\
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w
e
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\
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@ o]
9. flx)=— =
x +4x+8 \-
+ +v6+z)+‘1
Compladst
U X-\«
ey |,
-2

4

a0 ) d—8
dL £ O
L
)2
3

— &

—_—

3=

@ fay= T8 23E-as)

4-x T

Y—>
= > (e Y2-9)
2

o No \‘“l'e“j

RN

B D w55

=2
-3¢ -l
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Faz— (2
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\
Solve Rational Inequalities g‘t con ﬂl‘l Nta .

a 1. Recall the rules of working with inequalities. Discuss why in addition to those rules you cannot cross multiply questions
like the ones below. Joh e rrde
vi
® mW&*‘ &\"Y S\%Y\ < *Q 2 ’WMY\ m dl ) -N A ’\Lgﬂtd-rvb.
e Cannot sz. cost \m%u.o&\\«fs , N\Sk&dk vtv\mle adf Yo ore? side
et o w £/~ chevr
o canmol™ ¢(oss —~mulh , instead  move oI remg o oo sro‘-l)ﬂud\v
ﬂ 2. There are 3 ways to solve inequalifies: +~ ('—’\9\/6 .
A Graph original 2 equations, and see where one is above/below the other Too l«sé Yo ‘qu/r/\)

B. Graph the related squation with ZERO on one side, and see where the graph is abov&/below x-axis
C. Use +/- table on the equation with ZERO on cone side, and pick positive/negative intarvals

A: Graphing the original Show the derivation of the related function that vall be used
-5 in the next method:
—4 < A
R ST R = I ) S DY)
{ Yoond ot x+2 (x+2)
J g /»’ b. Show steps
FEAER NN N (Y- + S 2O
et g o &
f——c o "ﬁ e T (’i‘tl) | L f’L)

25- Y1 422- &t S e O
A+

| A —22 — 3 <0

At 2
a. How do you find the solution to this quesiion? @-—3 h'{' I’) =~ 0 o
P ALIRON e o
raXfendd1 xe (o-2), Yf\ 13’& Q{-L\
B: Graphing the related function;csn move sverming to imer sies)
choose to move terms to the left: 0 R' choose to move terms to the right:
5 ki ot 5 i e
x—4+—— 20 , X3 tD) o 0g—x+4-— mem), Ll
x+2 (x+2) x+2 (x+2)
|| Ay ; '1 t
I {1}
S
[ J B |
1-' | P Ll
| |-t e |
e e

P T L Ael(=2,2),[13] '.I'
- I|
| |

ﬂ«"o\h‘ﬁv i\w:ﬁ:ﬁs XﬁO\L '@w 5 Aoz Z‘JﬂKL

e £ 0 s adbove A-axJ
Sinte qt) = Cince ‘F(”.L) S
\L
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C: Solving the related function with +/- table -H‘p‘,..
choose to move ferms to the leff: p\, chioose to move terms to the right: H'\jk Teo
e Dol , G+ =5 e & £0 < fe=x+1)
x+2 (x+2) x+2 7 =+2)
s -

E 3. Discuss what method, of the 3 shown above, is the best one to use on the following question, and then solve it.

2 E=DRx+D) _ Jo sludeh il olotgnt
W & MJ 1. METHeD C.
&; ‘) 2 ! (11’3)4 @) \Ih Ko ’3\ 0,0’ ,\/7/
(a® ‘“)GL-\—‘;) 6 ! l) () aees ¥

(1 re) — 1 (33) Lo ¥ upaw)
(9[{'311 +l) "g
’(11—311'%0
2 da* —x — |

e ) SC
Cw) "@%ﬂ 79(4) ) % e - oo)'j) , £ ,J

A3 )

4. Summarize the steps uf Met od C: Using the +/- table for solving an inequality )
. prudd !
C) Move ol s Fo ore Side Dor - €rvss o

@ LCD-&szjW
er UA od Fas ondo He  eddumn

+/— ehot
@ \P ) 20 XD (e ’@( POSI’)'W{ r’d"("nl';}j
L £y co Asole R megetve bV
" va  velu
t%ﬁ&iﬂw&&w \\(r— e %\MS"’NV\ has & ,2
n melude 2 -

Rationals Page 15



ﬂr\\ Unit 5 12AdvF Date: Name:
5. Solve the following

@ @
a 2x+12x+l b_—g{x_i_l
2x—3 x-5 -
()}
S N Jor¥ }\

+ )= -'(i+l)(21—3) G{S" 0« '11'("1“43._
%Xi—s—) _’; igﬂ ¢ >

Aat - lox« X =S — [9*11’31*21’5> >0

(11«5)(1—?\
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Solve Rational Equations

1. Unlike inequalities, equations can be cross multiplied. The only thing you must watch out for is whether your final
solution iz part of restriction or not. Solve the following questionz and check fogExtraneobs-golutions.
X AaNSwWer

o K ot o

Solwxor~
v @*'3&3*73 '31.(11“0
—Sy— 35w WY +Y = 32432

O-
Q= Sx\=<x §> O~ 1,;1,\1-Lf

Name:

2x S

a. -
5 Sx

>=5ar -G

41 2
YRSy \O'U\O\L \ 1Yy
RN e L
L4 3 ﬂs\ﬁc\ﬂg)
A&l— 0™-5[o) » e\ =P e
';KOB 5_&3\)

Mext topic is to solve rational as well as other type word problems. Use the following a word problems to lzarn

how to come up with equations then use the given equations to find the sclution.
m 2. Dan and Sue set off at the same time on a 42 km go-cart race. Dan, drives 0.4 km/h faster than Sue, but has to stop
en route and fix his go-cart for one-half hour. This stop costs Dan to arrive 15 min after Sue. How fast was each

person driving? A tuab .
\ALAN 5 D O
Distance, D Speed, V @ I'=—
14 D
Dan 42 x+0.4 2
| x+04 VT
472
Sue 42 X —
X
Dan stops Sue stops at the end
Dan's Sue's )
o ) + tofix = ) + to wait for Dan
L driving time ] ~ driving time . .
Relate their times to make them equal: 30min(0.5h) 13min(0.25h)
17
C. (oS ww&}(\ 42 + 05 —p25 = —
x
Solve: U\A'“éro \ M
A =
K %\"\” ML 4 0ash® X= 8
o xS o — %Al

340 | (eon)

(X —o0 = Jou — w(owske®)

42 t 0. 1{«0.\0 - \i} 2= O
A50 N XL )(O.'IX)
W 0954 0l = Y+ b S Sw's g wos - ¥lye Ju

FE0M
&Y W /b

05 1ol — L% DAy S‘m) was
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Name:

m 3. Connie can type 600 words in 5 minutes less than it takes Katie to type 600 words. If Connie types at a rate of 20
words per minute fastar than Katie types, find the typing rate of each woman.

Work Done (words) Rate (words/min) Time (min)
Connie 600 R+20 T-5
Katie 600 R T

Relate the quantities together in two equations and two unknowns, then use substitution method:
Work = Rate = Time

V) 600 =RT

2 )600 = (R +20%(T -5) USRS

1solate the first equation for T

W1 [00R = —SR™+ [2000
) b this i d - O = —-SR*- ok t [2000
sub this SECO1 equanon
500—(3% R= tloo 2 j@on}‘—k(-r)(nw’)
LQU (-Y)
expand
= lOOi (oo
A k==
Solve: \__/ R: éoo o R" —Yoo
[OO: SRt (2009 p—ps —o

) e R R_=~6o R=4o
|00 = — <R + oo / .2 Wadies Fgping
f} }”\ R was wau/,,“k

GJ‘nm‘L o0 ¢ 20

o ) _ . =60 wovds fri~ -
4. Pure alcohol is being added to 50 gallons of coolant mixture that is 40% alcohel. Find the rule of the concentration
function c(x) that exprasses the parcentage of alcohol in the resulting mixture as a function of x gallons of pure alcohol

that are added. Determine algebraically the exact amount of pure alcohol that must be added to produce a mixture
that is 70% alcohal.

Relate the quantities in the egquation:

Final % : Partial % of Total

as a decimal Tatal
0.7 = Q423D +1*x cC{l)
—_ 0+x

Solve:

OA—(S‘O{'L) = (@QQ)+
LI
35 £ 0¥t = X X
'V} »

3¢ — 20 = o —0O0.F=

<= 0.3 100% ol eokk
S Mows Y

x= 50 o’ s e oS g 90% ¢[b
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Problem Solving

Name:

m 1. Radagreed to mow a vacant lot for 512. It took him an hour longer than what he had anticipated, so he earne

our Jess than he originally calculated. How long had he anticipated that it would take him to mow the lot?

Work (Earn in total) 4 Rate ¢ /|- Time e
anticipated |2 R +
actual 12 R—1 Tt
Work =Rate = Time
L | = R.{T

.2 HLM'#c.pukJ
o wok 3 Aer

O= R — )R+
2. Suppose your tmark in the math clasg is 60%. What mark, on average, do you need to get on the remaining 3 tests out
of the total 9 tests to get your mark to be 70%7?

Final % _ Partial % of Total
asadecimal Total
pro= _ 6(0.6) +3x
v~

6 + 3
0.3(1) = 3.6+ 3=
6-3;/36 < 3 2 y°“ naod % 5;)‘

QA3 = 3x CYSEPVY S TR 0% o~
’§o°\—3 rext 3 july fo  rare

Me e foome 60% R Py
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Name:

m 3. To travel 60 miles, it takes Sue, riding a moped, 2 hours less than it takes Doreen to travel 50 miles on a bicycle. Sue
travels 10 miles per hour faster than Doreen. Find the times and rates of speed of both women.

Two op tions:

D
G)f you use ONE VARIABLE for speed and T = Fin the last column, then relate the girls’ times to make them equal

Distance, D Speed, V Time
60
Sue &0 WV +10
" +10
Doreen 50 W E
I.f
Sue's Doreen's (/4]
L +5ue waits = L — + D\T— __SP
driving time driving time V(0 vV
3_-)1: you use TWO VARIABLES, one for spead, one for time:
Distance, D Speed, V Time
Sue &0 V410 T-2
Doreen % So W T

use D =FT torelate the variables, then sub one equation into another.

60 =<t )(1-2)
Co=\UTV T=S°
Y

o™’

\
a"o SV_‘,S S

l”") o lomph

20 P+

6o = Q/‘HOX % ’Z>

0= 50 —av —r%i -0

O= -avk

—_—
\ ¥V

—aVvV+ SO —30v

v VvV

Q> — 3OV % $VO

:."—-/’
e

O:—&\I

Vv

~ _ 30v+tS800

O= —&CV1+\SV — RSO’)

0= —(v<as)v- (0)

+ 25
- (0

\/9

adS o¢ v=(v

\
4. Atank has a capacity of 10 gallons. When it is full, it contains 15% alcohel. How many gallons must bey an
80% alcohol solution to give 10 gallons of 70% solution? —

Final %0
as a decimal

0.+F

Partial % of Total
Total

_ IOC‘HV) —/DL(O.IS'D + 1(0‘;’0)

(O —o+tX
0 (1) = |5 + 06

F-1S= 065

C.$= 9.5
§s==
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E 5. Walt can mow a lawn in 1 hour, while his son, Malik, can mow the same lawn in 50 minutes. One day Malik started
mowing the lawn by himself and worked for 30 minutes. Then Walt joined him and they finished the lawn. How long
did it take them to finish mowing the lawn after Walt started to help?

Work {|z:aT) Fatz {layn/mir) T (mir;

Antzpatzd Walt by himzatf \ \/60 ]
haallk by himesir \ \ /<0 [yo)
Actual M3l 23 2(< dor™ \/sOo 30
Finish logesher (s Jo do +

{1 c UL N
Work =Rate x Time RE

S T\ 60
z :N‘L\'t
573 p
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6. Arock is dropped into a well, and 3 seconds later the sound of its splash is heard. How deep is the well? Assume the

sound travels at 1100 feet per second and that an object falls a distance of 161° feet in t seconds. (t represents the
time for the rock to reach the water)
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7. A homemade loaf of bread turns out to be a perfect cube. Five slices of the bread, each 0.6 inch thick, are cut from
one end of the loaf. The remainder of the loaf now has a volume of 700 cubic inches. What were the dimensions of

the original loaf?
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Rates of Change of Rationals
1. After you eat something that contains sugar, the pH of acid level in your mouth changes. This can be modeled by the

function below where L is the pH level and m is the number of minutes that have elapsed since eating. Find the
average rate of changein the first 5 minutes / m€£0 g'&
-20.4m
Lim)="5""+65 X, X2
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2. Find the(turning points of fi{x) = J; 1
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