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Rates of Change — Unit 2
Big idea
Mat a lot of things in real life stay constant all the time. Things change depending on many variables. In this unit
you will learn about how to calculate the rate at which things change over an interval as well as at one specific
point. The rate of change over an interval is called average rate of change, while the rate at one spe-:lﬂc: point is
. Finding rate’of change is like finding the slope which you learned in grade
—5imce we will study mainly nonlinear functions. how de you think you can do slope of a
? Slope between two points is not a problem however the problem will arise as to how to find slope at one
ecific point. This is an introduction to calculus which is a study of change. In calculus you will learn fast ways of
finding rates of change of specific functions, called the derivatives, in this class you will learn the foundations
upon which calculus principles are based.

Carrections for the textbook answers:

<

Success Criteria
O | am ready for this unit if | am confident in the following review topics

Slope formula

Function netation

Domain & range

Simplifying expressions

Solving equations

Expanding & Pascal's friangle

Subtracting raticnal expressions

Raticnalizing numerator

Problem solving with lines, quadratics, exponentials and frig.

O | understand the new topics for this unit if | can do the practice questions in the textbook/handouts

Date pg | Topics # of quest. done?

Yau mey be zskad 1o show them

2-3 | Average Rate of Change

Section 2.1 & Handout

4-6 | Instantaneous Rate of Change
Section 2.3 & Handout

7-10 | Difference Quoctient — 2 days
Section 2.2 & Handout

11-13 | Graphical Models

Section 2.4 & Handout

14-16 | Absolute and Local Extreme Points
Section 2.5 & Handout

EXTRA {if there is time)

1.Regression using technology pnsvuetions for 2xesl, curvsExpan,
Graphing Calculstor TIES, Fractice & Group Handouts)

2. Rates Extra Assignment

Reflect - previous TEST mark . Owverall mark now
Looking back, what can you improve upon?
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Average Rate of Change — \ M’Lw@l

[ ] You should remember how to find slope of a line from grade 9. To find slopefrate of change of a curve, you still will be
using the same formula. The slope between two points of a curve is the average of all the slopes in between the points.
The line that you use to calculate the average slope on the interval is called a secant line. You will learn how to find the
awverage rate of change from table of values, from the graph and from the given equation. ’\,) \ \ o M

Cucve oF—two

poﬂd's.

I -':I'(_l

1. Recall the slope formula from grade 9. Write it using function notation, specifying what interval it is used on.

me=@y-h = A% - chinge ing
<, - A, AX me

(2D "
sec | o m‘\ﬁrwlﬁ [:1' ) Clzl
2. A group of children sat up a lemonade stand in their Find how the cups sold change over time by calculating the
neighbourhood. The number of cups of lemonade that  following rates of change
they zell is given by the following table of values
oo aEn Y g a @:epo
Time { [ Cups (€ b, Wecp.a
- i i 7
@__7 7 C0) c.  What could account for the difference in answers?
15 13
Glo——> 20 =D @ oax.0e= C(a) - ct) - BQ_L_ = |l cups / oW
25 31 ”‘& - |
3.0 36 Hece was
15 30 ° '(:f\?m how | do  howne oL /Ar
o in soles by U c4ps '
40 30 an inCreast 'n 2
— 20 [0 -
® a.col = Msee ) 2 2 pil/
-

© Dk fwes o day con cowe A e
peophe o e sk

_C/W VAL wtadhe,
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Find the average rate of change of the following on the given intervals

Name:

3 . @
) acoc RGN 1T
3-o TN
= j - 's__.._..
3
) -+ ;’ :j_ ¢ = H B
Mgee = 3
a. x=[0.3] a.x[0,2] @&.CO L= 05-d -~ 0.%
x_e[z,{l b.xE[?TA] &AL = —\—059: ods
Give an interval where the average ratz of change c. explain thesg results —&/ -
(ave.r.o.c) is negative
¥y awoc= £~ £6D  ©)sawe L Qsamt shpt St Aivanr
G- 2 \Ir\'\"!r\f e
_ao3 doc res
B el xe [,%lgx
=0

5. The deer population of a country is modeled by P() = 20¢ +200¢ + 10500, where
and #is the number of years since 1995.
a.

b. Calculate average rate of change in each time period

20(SY + 200 (5) « (vsOO
Do you expect the rate of change to remain the same for this function or not? Explain.

P(t)is the size of the population

i W 1995 — 2000 ~tefo s) a,) Lunchron~ = o~ r,waLw

ii. E 2005-2015

,c:, co.C \/J\\\ a.iwu-as d-\w\ag.,
il. m1995—2015

M, PL5)-Plo > | (12000 - 10500). 0
g -0 S

o\ plag)— fli) 23500 Mo g oo dear
¢y Pl fle) 5 00 dser [yeer

A0 — |0
lLL) g (logo‘gogo ) — __/——i’o'" [
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Instantaneous Rate of Change

a In the last question of the last lesson you found the average rates of change of deer population over given intervals of
time, which was in years. What if you needed to know how the deer population is changing exactly at ane specific point in
time? How is this question relevant? Well, what if it was not deer population that you were studying but how fast an
infectious disease is spreading. It may be very important to know the rate of things changing in the present time. So how
can one find the rate of change or slope at one point? The answer is not a simple one.

In this -:cm;é you will learn how to approximate the answer using the following methods:
| » Graphing the function and looking at the slope of the tangent line at the paint you are interested in.
2+ Taking the average of the ave.r.o.c calculations on the preceeding and following intervals of the point you are
interested in.
+ Squeezing intervals — doing at least two calculations on intervals that shrink in size near the point you are
interested in and looking at the decimals to ses how accurate your pradiction is.
And you will learn how fo find an exact answer by the following algebraic methed

11 s The difference quotient — but it only works for polynomial, square root and rational functions. (This particular method

is what calculus is based upen. VWhat you will leam in calculus will allow you to find exact rates of change of ALL functiong, not just polynomial,
sguare reot and rational funciions. )

u The line that you use to calculate the instantaneous rate of change at ONE point is called a tangent line.

yord | 2t dire

o)
&t. i ‘“-g—vq-\' “Sleims R

v M )\M e
sawe glope as the cue

1. Use the following graph of a parabola o estimate the instantaneous rate of change at x=2.

m e o]
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m 2. Find the approximate instantaneous rate of change (instro.c)of f{x) = %
a. Preceeding and following intervals method YM}HN»d 2

L o.e=Td= 9~

‘\r\\"rVﬂ-'o' 1eU‘§Ia’X a.r.o.¢c =

at x=2 by doing the following methods

Pdc ‘NB a-1< ‘/o_::-’ o.
sar =3
({y -2 ( )
£ls)-FEI - 625-Y_ 2.2¢
N . - /— —
%\Low\\‘g inReval 1&‘},151 oa.c.0-¢ ys-2 o.5 0.5
=45
o * 0.C ~
doouh L3S —H{S'r__&—;L/
- 2

b. Sgueezing the intervals method W\"k A :5

‘L.(-O‘LT’ ? &1'_1:;

{;‘\r\‘\’ §w\'<nrw°~ close + O .- _(l(i.o\\ — £
a.v.o.~ ~
1&[},1-0@ —ol- 2
_ Yoovol —Y
0.0l
- 0.040/
0-"/
= 0]
ke the -
(e} ‘: L\OV\‘ &Lc“‘rw
\ocipcw” w AD.\/;’: tru\wl va\“u’" -LeLz)z.oo\X
QJ(,JW\‘\N‘ - et dact r'WJ‘ P(“M‘ a.oe = iii_:’.ai
‘w\’\‘V""’ t Lomp

o LWG0.C= 1.0

c. Compare your results to the graphing method, how close was your answer there to the ones you get with
these methods?
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ES. Fi

nd the approximate inst.r.o.c of the following by performing ALL THREE methods.

0.5% atx=-3.

(x) =

£

e vvﬁS

T

ae 3,72 aa\

i | i i : =
—mmm——— - -l - -
| I i i ] i |
| ] L] L] 1 I
' I i ] ]
(] i i i i i w
aslcssssslissasslisssasbhassssbosscscshasssakhas =N
] I ] i i
] I i L i
] 1 ] ] ] ] ]
e St e
Mw u_ m_ ﬂu_ 1 4_ 2_ = NJ%
: ; " " | " i o o |
St GOt CUREES CUDERY SECTEY SEEES EEEES bof--- 2= 3,
i i i
o 3| 9
T B s SLCT TEREES SERS e I
]
“ _ ¥ Z
i ; = MO
- T= ks
| I
' | ‘a
] I
' h GRS
] I % 3
" " '~
! } 5. ST =
i
] ' sH —
'
i " ]
=ale - i L ==
R L 3
] | D
] 1
i 1 i
.__ i LT -
] I
i I
]
(] |

ame= —S.5260036...

—

A {‘:3)’2.‘1‘1‘1]

—S.Sh325%

-

oo

%)

dx=—23

AN

o

oo ((OC
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Difference Quotient

a The concept of sgeezing the intervals of ave.r.o.c. calculations to approximate instro.c. is what will be used for this new
topic. Take the formula you already know for average rate of change

- f(xg}_.f(x[)

- and replace the interval to be of a general size, h.

on the interval x =[x, x,], averoc=m
X, — X,

Letx; = @ and x, = a+ 4 . The formula then becomes, what we call the difference quotient:
@D -f@ _ L (asn) ()
= /G/— }E—/G’ h

This is still an average rate of changa calculation, however if you shrink h all the way to zero the secant line becomes a
tangent line and it will then represent the instantaneous rate of change. {SHOW this with technology!)

on the interval x [a.a+k],

Problem is, you cannot divide by zero, so if you make h zero at the beginning you will run into mathematical errors. BUT if
you alg&br::w::allv,r manage to cancel the h out and THEN sub in h as zero, you will have exact instantaneous rate of
change. This is how we record the answers:

_ flath)- f(a) ﬂwﬂ’“’“

aver.oc. =w . PR Moy = =instroc.
h

As mentionad before, this algebraic manipulation only works for polynomial, square root and rational functions. It will not
work for exponential or trig functions, for these you will need the rules of calculus.

w) 1. Review how to use Pascal's triangle to expand polynomials, how to subtract rational expressions, and how to
rationalize the square root functions. All of these are key components of getting the h to cancel out in the functions

3
a1 8y
b. simplify ﬂ)_?ﬁ
iﬂ.‘)

LL»

:Q_th)*m—m - o
~ (\Iou—k TR)

th —
*\(J:u—k +I=3)

2 3 | A-x—b ..L
\ 9L(=L—\-k) x
Vs e B S vt expod dirond

\
=\ tYTh+ 6h o Y o J—
( \o\’s (x(m)
ot )
=\ S, +\osk «\0&L « Sab <L m -~

:,K_‘_/‘
W(en V3D

|
/
(Aeh ¥
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EXoct meihod FH.

ﬁ 2. Find the instantaneous rate of changs of ¥ =3+ x atx=4. Bketch an explanation of the result.

Lro.c-lak amyz=a %) o
arc— BH — ‘PC‘I) _
\\\N\o-\ ?:\ha

Comm m_‘_9‘)
awse 'ﬁ/f“——j (G &

a.r.oc.:?[}[{h + Ak — Nz '}%

K(m + &>
a.no.e = '§)<
K(mm +2)
5 L.09C. = S - —i- »,__i
Aot = 5 9 Vq+t3+ aea

@T: ey M (<o

‘
woc e
ot-x=Y4

m 3. Find the slope of the tangent line of f{x) t x=-2. Sketch an explanation of the result.
|

*\‘C.O.C'??_ ako=-L=Q PascA\S & \\ \ \
P
a.r.0c= F(zen) - D \ '5 ) \
/

Q[@ +L\( At b Yk +t< ~z§\p*\n\ ;1& ;\B

] -;\ o - 22 + AUl =W *\\Xﬁ,

oC o X
- 71&*%\«\-\\%\,3'“\0\?—&%
N
oL " ks =) ——> A= bk —0%©
QS
<! \—0
99 ]
2 o Sope & ) )

- e w6 ™
4
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1 .
ﬁ 4. Find a point on the graph of g{x)=— where the rate of change of the function is = \coc
x

arc= flach) — (o) e
N

e = @;-:_ = w Y' o(at W)
oo <

tcoe = =)

< =\ = ——-L_" & hdo a+ o

Lofarry ) Kelok) 7T e

Sk gh(h, ) o (573
the Cloge ¥ —Q

m 5. a. Find where the turning points of the graph v = x —4x are.
b. Discuss of a way to determine if each of the turning points would be a local maximum or minimum.

@ ‘\(ac‘:O ‘@V‘«A X, 3
acoe = F(aeW) = - )EC\“Y— L((i*"“;\ B [i 'Lu‘l
\ A\

o
(2 ove_ = %Biz'l\f Rt h —yf(—%—y_@f
/

(2 » |
he
ODC = }({3%zfngfkl'91 — tcoc = 31* =Y
{ y( ko O= ‘312-—1.,
_ tuens
2 :r\lg_m ot The PMJB‘“S

t [ \s= X

@ fnd  Qcoc on Lot va)rcj\'»f sde o tp

—t.e ) \/
N\ N .

- (R s

ex. g>( I = _\‘\S- 'I;L
Kl 000 om Y:—\j. )-—l.lfl on Jadt o —LIS

et o [otas, -\ on gl o L
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ﬁ 6. As a large snowbaftmelts, its size changes with respect to its radius. The volume, I7, in cubic centimeters, is given

4
byl” = — 7% where ¥ is the radius, in centimeters, and(* € [0,30] .7Find the instantan=ous rate of change of the

volume when the radius of the snowball i@ oV tormon l
\.{‘oc"? at- v= 0 =0 N .
S
| _ )
a.r.o.c= \!(\04&0 - b = i'“—(w*h) = %T (lo€n)

’_’_’_/_\
h

A.f.0.C = EL:\:L M-{-B(lo) h+ ?3(40)% <h’ ’ﬂ%

Caﬂ\wh

oot = .Eif\TY( 200 h +2o0h % MBB;‘;‘.‘W! zg 2300 + 30h+t LLJ _ 5 .. c_
2 2 Qs k—ho
I~ T(}MH 0+¢D
o\
00

,2’ Ry
= woo T~ CC\'\:
m 7. The surface area of the snowball, § | in square centimeters, is given by S =4m7". Find the instantaneous rate of
change of the surface area when the volume of the snowball is 1766.25 em®

VETC = 80s) 809 - HMWL‘SQ
Préﬁ,{l?:%\\f} Msqe = w(\\\}/;/* 1\}@\\,\*\\_¢l

.gHp=r>

@ v( B QJO’\\J CV“L/CW\

8. Mark purchased a new car for 531 000. The yearly depreciation of the value of the car can be modeled by the

equation (1) re F(f) is the value of the car and # is the number of years he has owned the

car. What is the apgroximats instantaneous change after 3 years?
v ¥ {\OL'S’WM’ ) 86 . mo+-

frent ~ POy
Affeene gt (pto”)
W o;li‘_ VR:: Lx()g,-&,&?l}laj

V\D(\— w sV

\o.c  co~ shl fe fornd ,KJ O e

3 e Lascl s

10
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Graphical Models

CER Set-up: {get program to work between calc and ranger) Calc: 2" Link, -> , Enter

ranger. 82/83
(get into program) Program, Ranger. Enter
(get sample) Set up, up, start now, .. repeat sample
{matching graphs) Applications, meters, dist match

Instructions:  create a clear area for walking in front of CBR, hold a flat surface(ie book) in front yourself as you walk,
walk steady, ignore jumps in the graph, the instrument is not very precise.

1. What is the difference betwee @?’ and speed {: and distance? These concepts are very
important in physics. Unfortunatel/the textbook we-af® usifng often does not distinguish between these concepts and
treats the terms as the same.

hve divechorn and can Me nejoﬁ\/ﬁ.

Describe a scenario that would yield the following d-t graphs. ‘Ff‘"‘—‘

2. p 3.

. PP % hpan oo
/ O'ﬂ'\a\ n _ é’df\ a:)r
N\ e L s
o Gk, » £

el
?o \Y\*

(o

i
/i
cg%

e stragWr Rinas
an? C,a-r\S'\-"""sr SF.ZIA

olB p\a.cen-'u\k - ‘EM %rz‘,L;
5. Summarize what each of the following implies for thgraphs.

a. Direction b. Concavit c. Slope

eoS . S(°E~ /

‘€°$~ S\QPL e ?oS'\\-\'\I(ﬁ e ceVon \oos. Spp.a_ol
. \O ‘o +DUJNA > ngld N A Fos.c\rr. —p 30 a_w‘ouﬁg

refe ence

ok
L R e

vt Mogaemed % resy
(M"W "*’““‘q e (oncove. down
fuheed W&\'\M

—= S[ow s nwipes. dx M:-Slgﬁ l\
) 11

odove. T Swh
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6. A scout moves north in the forest for a distance of 50 m in 90 sec, stops for 30 sac, then moves south 80m in 60 sec.

a. Sketch a displacement-time graph b. Sketch a‘distanc?time graph Cﬂw\“" ,6{ Mgojl\v{,
d d Fotal. disttnse. hrawelled.

NT ;/q___.\ ;o .Q_./

—304
\ : T é t
% (20 13
c. Sketch a speed-time graph m d. Find the area under the speed-time graph.
=D -so=isesleped At
N T P ™ is s A Lo
-8 _ 13 Ppes ’LMS;;) A""B "@‘%)}
VA b - - 9o
f =S0 o ™
@ TRaL
056
)
“ Y t
o 80
%7 ) 4
—13
u e. \What does the slope of d-t graph represent? J £ ﬂ_oolk ﬁ*
J‘”"l‘“ Sbf‘—s
SFAM eo VA
f. What does the area under the@/—t graph represent? W\AA(‘
Aisplace st o :
g. What would the slope of s-t graph represent? olt Af
4 A slope 7 v-E
ot elersron~ Loole

h. What would the area under the a-t graph represent? Owrto-

b g
SP,QLA- O~ ? r

1z
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For each of the following v-t graphs

a)
b)

Narme:

sketch a possible d-t graph and a-t graph
describe a scenario that would yeild these.

- e .m

V rF 3 V "

%Cﬁ’f\&\:ﬁ:) Ff""" ©s sQuj

Se— o &M‘:‘Q‘b"\ ol %\W\% of‘\“\»

N

£ . 30 > _

EE I / co'\s;:;*;: 3 e t ZE Time [s) rt

S
d -5 on
o——1a tow? Slowt
\,JO(I\.
) ol iy °§‘%§;ﬁw d 1/
0{ o¥
/\ ,\U . / )
. >t t '%

m 10. Cre te

tory to describe what could be happening

the following s-t graph.

L Ts

g
e ol
o \;\\
Iy 4

veb dowr-

Rates Page 14

a. Find the instantaneous rate of changs at t=1 What does

it represent? sl W Lore_ ot =)

ALY S SRy
run L S
e rleﬂs&-i‘ occelodOow .
b. Find the average acceleration fro@
Averoge slopa of S-
A.r.0.c =F(¢) - F(=D =-1'1_—'_o - I /s
6-a 4 <

c. Find the distance travelled from t=2 to t=6

Qreo Undh 5ot geoph

T, Ak
A '% + —OY‘f)
- =y

(}lﬁ.ﬁ) 0{\5')"""‘ Mw’%d

rf'ﬂm'l"?, to 6 sec
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Absolute and Local Extreme points

u There are different types of optimal values that you can study. Local Max/Min and Absolute Max/Min.
Absolute Max is the highest the graph EVER reaches on the given domain, it can occur at the turning points as well as at
the endpoints of domain interval. Local Max occurs at the turning points of the curve, it may or may not be the highest

point overall. On the following pictures label the local and absolute optimal values.
, @ . MRy

1.

locad MiN \\)O KA

u 3. Summarize the steps of finding me-rlhe@ptlmalvalues et %,{s
Q Fnd. an 'hkrr\ﬁ%_ Po(,&g g s "ﬁ/w\e/‘l'l\»\ or\d.omaah[ L] Yo —oP
@ E\/@Q»w?'» I endpt  and ‘éurm\ng pords ™ HYe

h\’*““ié&ﬁ) - v e [owes+

CR b) = \13 O ng( Ar;, fes T ovdha

9 e g For ‘Ran PAAKL 1ok

2
4. Find the range given the domain -—3(1 —O) +8&
. g(x)=4(03)" onx € [-5-1]

Pa FfG)=-2x+120nx€(-51] b g(x)=-3x"+8onx & (-2, 3]
A / ‘L,\w!l Puodrekie exp exporatinds /
\\ (0.8) M t‘f o~

e\
- \ -
L o(-)= Ylos) -0
- i 9(0) = HlosT
-5 \‘\
(-2) =-3(2)t¥ =-3(ed =4 .2 Ronse
(53(3))‘ -3() e = eEs 810' Je-[ﬂ\ l2s~ 2
) = —als) e el2= alte )=o) = 3L <= )
L(-s) = —ds)t12= loel2 =22 Lo or
-G({\\\ = -2(W) 4l =m22T=ole a'/\qs;,\/ 0.5 4y< 2
0\95 M\\\. Lagi]] WLS_ MA’"A

& Rerge: KL?JGR TR ) R

0> N\?L
)
J € [ (9] 9.3» ‘\\G;I\’?& ‘\je Elq '8-X 14
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ﬁ 5 Ona merry—g{:—mu,r@, eacIL horse moves up and down in a periodic motion modelled by the function:

1 T S
hith= :cos%(a‘) +1  where /1) is the height in meters from the ground and ¢ is the time in seconds

a. If the merry-go-round does only 5 turns, find the domain and range of this function.
b. If the domain is shrunk to only 8 =¢ =23 what are the ABSOLUTE maximum and ABSOLUTE minimum

L) ABS mar o W(22)= 1,05
s M o W)= 05

values of the function on this interval?
WA= 360 _ 360 = \B0 = 30
@ g T =
-G cbo\u % 30 = \SO
D=5 teR, ozt é\GD\j
R=5 weR 05¢ e sy

1)

{

0 35 'S ug°
6. Find the ABSOLUTE Max and Min of
da flx)=-(x+3)+6 b, glx)=+2-x+10
onx £ (—4, 10} onx £ [- 14, 2}
- t.p.
Tvening Pt-‘;l"’(— b \\ e ?
aliutin W),

(== (43> el =~ b=5
£()=- (0€3) <6 = —lbAtb= 163

-C L‘Er} -4(—5) =G

s Rowoye Je (—»\G‘S ) @

N Na& oRs- y
L
4=l
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Y

cf)@'\ = (o

c &\o\ \HX

Mo MY
ok K=-14

Yo

T=\%
h(x)=2sin=x+1
3

onx € [—-2, 5]

?n(\'b&“v 'k\zo 3 = \%/g =
- o
b o ’s S L
Lo ok x=35
We): -0
W-2) = -0R0

\\(’t.\;\‘—\\&l S\ =)
. \beﬁ:oﬂo\%’x

o x= -2 A= 2
N=-049 153

lo
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m 7. A golf shotis modeled by the function H({z) = —5¢% + 40t where H(t)is the height of the golf ball in meters and ¢ is

time that it is in the air in seconds.
a. Find at what time the golf ball will be at a maximum height above the ground.
b. What is the domain and range that makes sense for this real life situation?
c.  What sign {+/-) do you expect slope will have on the left side/right side/at the maximum?
d. Prove your prediction from c. by finding the average speed of the ball &.v.0.C.
i. 0.5 seconds before it reaches maximum height & [3 s, v\

. 15 ds after it h

e. Usl:e thewzﬁoftr;ﬁm?&mn;; Fal:e ast_t;sanswerf{:und in a(js zero
=Y anSwi % Wwoe=0
S
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