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V\Oy) WS 11-12 | Solving Exponential Equations by using Logs

\

it & 12AdvF Date: Name:

Exponentials & Logarithms Unit 8
Tentative TEST date

Big idea/Learning Goals

This unit begins with the review of exponent laws, solving exponential equations (by matching bases method and
trial & error method) and problems solving with exponential functiens. You will then learn about the inverse of
exponential functions — which is a logarithmic function of the same base_ Just like there are several exponent laws
there will be several logarithmic laws that you will have to know. These laws will help you in solving mare
complicated exponential equaticns where previous methods don't work or to aveid the use of trial & error methed.
The laws will also help you solve logarithmic equations. You will learn how to graph legarithmic functions by the
use of transformations or by the use of key characteristics and finally you will study some real life situations that
involve logarithms.

Carrections for the textbook answers:
oo 3,

BecE1  ®og) 3.

SecB2  #dd) ) domaln =0, v) e by 2 #23) (28, 1)
R #143) 225 mgh

Bec a4

S2c a3

SecIE 17 =10 ¥=2 the only solLtan

5B = = Iz wrong for 1 i ba exgonenlial with same growih rale
Review  7d)logidd

Success Criteria

O | am ready for this unit if | am confident in the following review topics
Exponent laws

Solve for the exponent by matching bases & by trial and emor

Exponential word problems

Transformations

Inverses

Domain & range

Rates of change

O | understand the new topics for this unit if | can do the practice questions in the textbook/handouts

Date pg | Topics # of quest. done?
fou mMEY ba @skad 1o snow Nem
g 2-4 | Review of Grade 11 - THREE Handouts

Exponart lawe, Solve expanzntlal equations by maizhing bages, Salve axponential word
probiems by irial & smor

) U] 55 [ Whatis a Logarithmic Function?
Section 8.1 & 8.3 & THREE Handouts

. 7-5 | Exponential & Logarithmic Functions

/ Section 8.2 & THREE Handouts

/ <9—1[] Laws of Logarithms

Section 8.4 & TWC Handouts

Section 8.5 & TWC Handouts

\ 13-14 | Solve Logarithmic Equations
i Section 8.6 & TWO Handouts

15-16 | Solve Problems
Section 8.7 & Handout

EXTRA
+ Assignment with a Cathaolic component

Reflect - previous TEST mark , Overall mark now
Looking back, what can you improve upon?
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Review of Grade 11

u 1. Summarize the laws you learned in grade 9-11 imultiplication, division, power of power, zere. negative, ratiensl, distibutive propertizs)
n Mih -N

o Q= Ow\\m‘, e o=
™ m-n 'a = "1 X g\ \/ hym nm
z O"‘\- \g(kSL 1 n \AW\C{‘O&W - &
Tt l g
x \ 1"

2. Apply the laws to the following examples asyou s pllfy the questlons Leave everything as exact numbers

ith positi 1 b \r
- wit W\?n answers. pow N \oowe. ). Ql)(() vk <Se-( X,0¢

N (=27 =337y b, [\8x_} ) {2?): 1}2‘] . [64»115]_3

6x.} /%311} &,)[3

v b ‘Hlb o :0 —u %) “;?’ %
= =k Q}'&H o > . AL
' o - b D
o }(;, Y JLO‘"\JLWQ/ \\O':;B 1 - Lﬁ
A o
) ,j’\(_

—\x2
@ () SR je) e fror
o= | 8xtyt |
C_IXL?’C_E :I 2 e i xTy ," f. — _J w\\ow\\
-3

4a
|\ @V et 0
Yo"
_ &\)q &‘QO\('%’ %

\
— sy
S - Y

TR L\ O

= o3 ‘\:) o by \
=T lo  _-BMo=c

S ——% o
) g
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|
There are several useful constants that are used for math * 6

Tis called pu and 1 = M\saz ‘;"\A--' is used with anything circular
= is called < Sg 'S (ons tqﬁ and e = QA3 ‘K’L% \Y 2,? is used with exponential continuous
growth/decay

Read up more on the number e:
http://betterexplained. com/articles/an-1inturtive-guide-to-exponential-functions-e/

When the variablesls og the hase, not in the exponent, to solve it you must isolate it by using

QEDMAS
- Shive
When the)(gﬂab eis |n the exp ent not o\ the base, to solve it you

sirofe Yog. on Ve Né(xm’\\w

When the vafiable is in th xpnﬂknt and bases call,.b 3\ matched you must use

AL e i N usL

3 Match the method to each given question. Then solve.

= \,5_ A =
° ’ B \(1"¥ %/\\ QJ - %s
o Ax=" \“S ) “ jl‘\ c‘\ N = %g
17'5,.1 pY R N ;“'» e-/),.\sé%g
4 Practice matching bases method: do QW 51‘ ) :,(\1, .. 'S—'_' ;‘\é
m . "ur‘ =1 /1\—31: } 1 c 51‘3 +51_3 _150
Zi S- b. = 251: 1 = x - .
%= 5) 125 5 L 3-8
.QI* o= 51’
- R15=0 O,JB_ 4 Q,_‘\s; <\0
lﬁg— Sro- + D -\s0
> X= 4% . s | s
:95 CB\% —@_ \SO
oo ST
= @ &=\S
- #ot 1Y § 373" =234
o 256 2.|ka| =| =

€. 2 -\&.»v@.ls)
-3
-6 -x-2S
'A =
vl?s \"Q’l‘— —_':L"ls
£ 9 35 =52 3
b @F=D Wt
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a 5. Here is the general equation for exponentials that will most often be used for exponential word problems
that have horizontal asympote of y = 0. Explain the significance of EACH letter in the context of a word
problems and summarize how to find the ‘b’ in the equation.

X

v=alb)r

- deperdsd wal / Brok o “&m m)
z \m“ﬂd\ (XYN)W

¥ *o&u
\,—. vt /ducosy CAOOR @

ot e same as b=\t Y ('(R’[ \.cu—mw
b= \-vr Wb
o =?\ eEFY b= 'A\‘}I‘L \\' dm&\(/'h\‘\-b/\\ox"
6. Sol ing problems by using the trial & error method.

(you will Iater learn how to use logs to solve these without the use of frial and errar)

a MasS Qi o -
A drug’ ecreases as time passes. Carbon-14\has a haif iife of 5730 years. a=\Wh or a=
Each hour the 250mg drug loses 5% of its (I g i dunt is given, assume 1002 is the initial amount) )
effectiveness. (How long will jt take for the dose to Some pre-historic cave paintifigs were discovered in

reach the low level of 5ng':'l b | =¥ a cave in France. If the paint contained 48% of the

orinial carbon-14, estimate the age of the painting.
M) = bt & =\wss t

S Al

DME= (05)™ =
6& 360 (0 5y . @% )

=
0.20% = @"5\ az\fb - \s=t
Sovak + earof Y%
LAy ot b
C. d.
Alcotlage is origina!ly bought for $150 000. If the value of The 200 fruit fly population doubles every & days. In
this cottage appreciates at the rate of 7% per year, when how many days is the population up to 1000 flies?

will the cottage be worth $200 0007

(4rgere) (s dy)
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What is a Logarithmic Function?

1. You've seen inverses for all the functions you've studied so far, except for exponentials. Recall that inverse
graphs are just reflections in y=x lines and inverse egquations have x=input and y=output switched.

recall inverses of lines and quadratics a_ Sketch the inverses of these exponentials b. Find the inverse equations of these functions.

-t _!,.'{'L‘b\l)—? (lm,) = g:'" ef\'vbmnl
K ) 9% ey
= o
naed do |isdhe
Swit

oyl y

R M
\ j imR . W 0(10&'\1\09»
: .
M T Fage o
nandnayhnscanaliiE S sy s o o —15 %= (OM)?
Y=t é/'// : ’Sls&‘*‘)}
'% Aoy card) =)

FEn3e)

u 2. The inverse equations you've found above don't have the output isolated and hence cannot be written in
function notation. This is one of the reasons that logarithms were invented. ZSummanize the rule of switching
exponential form (o logarithmic fo £ a, then write down the inverse functions using function

notation for the above questiog.;:: kMO}. I \,)r ﬁ }10'6
me \
SR R

|
R et el o

3. Practice switching the form

M ar-log,q éfs&% ‘3“:% b.d=c «—> X‘ﬁ“g&):b

L R
o, B k)0
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u 4 What meaning doeslog, x have? g s O\”i) =9
mr\,(\\w $ 0 Qn QXQDM!& e /U o =)

5. Evaluate the following

alog 16 - Lol 2L Yose b. log; 5 = \ _
ﬂ ; \’) wcg\\&s Qmﬁnu&“ \b 2 o %‘%{& L/ﬁr

mclog— HKN

d. log, 4&

° Eﬂ‘i.ﬁ“%'”‘iﬁ??ﬁ“"“m e e r?!ﬁ“ed%ﬂg&ﬁ”  functon) ’
ﬁa}[ ?;(’ga(z\;))m\ e =t @ CX"\J\&\% b. —¥ OY\OSM&/ 'Q ‘W“'k \« —
= 2\ %\-\ e Sil ~———— — i =

a ‘3’0 w Opply theleh t *= i?):_\. nvtoe D ,_9\ E?}S
S N1 3‘&?— '-1\5 \ P
‘R{(n % =3\ - r\)%-—ixeﬁ '::)\\) Yal < Lﬁ R&‘\W,\y%\\
$ 2% 4\ = a=
a0\ Ry x
@3{*\: “\?“k 51,,:) .\ ’4 Qos )0:)‘\%#(\3 \5 g

1170
@ c.y=log,2x+5 171 d y=2(3/"

Br(-»ilxt&\
Re- i\be(?\‘\ovo\ﬁ

n

B
c [ _l
@» 3 i"”ﬁ “D\J §=w: '{ﬁ33 )1
oh ,(/‘ < RQ"HV\&\

%’M\M& 3o bl oo lades
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Exponential & Logarithmic Functions — SW

1. Review how to find the equation of the exponential function from a table or a graph

ol
. b. /. -
° EX()DN.N’A N (b ‘:K)Ll
O~ X i (4t
Geraca). equah ) 1475 P \‘:_
_ \D“(""‘ rl 319 Itas=adb —H
=0 b JE€ 6 728 42 /"‘1\ e
o feco 8 #n6d|c |1835=0b
b'x ("’"h-lorizontal asymptote a@ "
=ob G\ L et (v we) \Bn=ab .
WA WH4= &b
is\once- N O ) G
- . ) AW -
l= - \ \\’Y t% ond 5-rn*w&et . W\ N R p g u@f)
P~ (can hove refledOn T vy
—2=-\k" as weld) g 1835 @
- —_,3 > L f__,l(o.:'ﬁ\)‘(' S 2
d=1lo s\g ;j\o/ : @g 25 2\b
-1 or . -
55y T i b20.1 o e
u 2. Summarize the steps of sketching exponentials. ¥ = ab™ ™ ¢ oo [\ = ES @Y) - L|

3) A uw:\ﬂ‘w\ to .ﬂoolv
@ Somelify the 24

3 o b€ c

2.) Sk HA=C
(;) ol v=o  to fwmd y-wt

‘ { i Yiee oe reftecton
W) Decide - 30»‘,4‘\”\ /An_ua od ST
Sketch the following functions
53- y=-24)° +3 4. Wy 1000 5™

G-y

N 5 y=5G5° 10
J7=a(H 3% (Ll) 5 J=ms ) [053 J=5(s) (35_)‘- (0
J==% (1) 3 y- a0 (05] = s(a53 (st] —t©
= — < ok = 200 J = 3503 (0.5’3)" —10
) Sy «3> , g
812

\j-‘\h*"= 3@.'5(0.“)"[0
- -9
a _a\ e

= 4.3

-s

ok

g - 3* cowth ## .
luﬁr rt}(u‘rco\ in oo
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a B. Summarize the steps of sketching logarithms: ¥ =alog,[k(x—d)]+c VA = d
(L) Foctsr ouk I so Hhat & vnible | Hhen VA=

2. F\'\\A -j‘_—fr\f SVJO »oa < S‘clw*g
DTN

\\ 0¢ be)
Ny
\

{

crecle F Hae o~
o‘% Y-g@{u;h"r\s

Sketch the following functions

. V= 10 - X 3
p 5 g{l,‘

70
ﬁA\t \,k i ‘_LW'U\J

) y=log, (6x+12)+05

5—.,2,5“@(“ )) o5

. -3 1 o V="
0- -Ljdbw' ,,&M 0= 145 Lo Lexf(z/)-t—0~f
—05= fog, (Gxrd) o 0

@ 9 y=2log,(5-30+1
J= hages (3(n -5 * \
VA=d=9S

IR, o

0= QL dog, (15-3) +|

\D = Gduk\g\
07— —«
6
'lﬁ( =

10. y=2+log,(4x +1)

4o bopfulo4) 42

.—é = ({4,30.7 (\T“%‘L) 3

) \ —3a x,,.,s}&‘m\ \\

-\ - q'gi \ N
05 \ \ 3= bat) I /

S | ¥ y/ -
- {'; > 5 \5 —T = |
. \
\ '}.;f * ‘
..OFL:W ‘ &
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Laws of Logarithms

Name:

E Read and understand the following proofs to the new logarithm laws.

1. Proof for

let f(x)=a" then
f(x)=log, x

vou already know that

log,(x)" =nlog, x

Use the exponent power of power law
a" wr |- {)w\—k }Lw
h =a
A

e
o

log, {‘a"‘ ]F =log, a™

scdas
LS=log, (x)" =1b&£i)
logg{

log, (x

2. Proof is similar for

ﬂfl-:}gg:r =x

A = o’

Hen £ (1) = )&go-’" ("\V"’“7 WMM)

CeS ot
£ (x) = x, therefore LS = a“,ia'j - )G@ 2 {1)) .
. cac
log,(a") =x invecles cm:[ "
3. Proof for 4. Proof is similar for “Ls=Rs
lo V=log, x +log, v ()
| ga(f = — | log, X =log,x—log, v
Use the exponent multiplication law: 8, L)
oler [a”a" w prodick Lo for expoescds o o uc» e
2@ ©-tor, o ]
S8 o= U 1Sz L <’
to Qs 5““
o4 dv=a < log,v=nth
X log, (1) =) g o = m—n ek
log,(x-y)=m+ e 0t D ¥
0 X-¥ mTH = ~
Ea ’D x }jq /(5&':)
log (x-y)=log, x+log, ¥ _
Notice bases have to match and coefficients as well. = RS S L=k
clog,(x-¥)=clog, x+clog, ¥
5. Proof for 6. Proof for CHANGE of BASE 7. Proof for

tog, a— 8]\ alllowss g~ [log,1=0)
logh +o do Ly Lsethe zero exponent law

bFr=aslog,a=x ﬁfw a' =1

b =a log, a" =log,1
logh® =loga ex. ‘/Lb(jsao 0=log,1
xlogh=loga - /Q,o o
r_loga Ezj 2
) _logf:l /(O =S
a
loy a_].cga Dﬂ j
Eo _logb ﬂ ao
>

= 232K .-
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2 he following by using laws of logs

m Xy
a.log LTJ i 10
= Jeg w(i;j\) Aoy

;ﬂ?mm — @ ,/oj&%

= hogox + Abogay — 9%

9 Co the following into a smgle logarithm
m a. (4 oga«f; log, v

TR (* = o o (o (o
:'"l"j

}&é N 3/:. >

10. Evaluate
a. 1021"3 + /% Gag

[{ nssmle without a calculator since bases can be matched)

)
%"j&)\

-3

ExpLogs Page 11
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b. logl

= 3/10‘7“3 -+ —:[5—/(";]“

1
s h¥:
x| L 2t _ L
1030.%> d.loggkﬁﬁ 2xM &
>*

- hyo (2,
:ﬂ%gg }
— Aoy,

JZS/LH 3
log, x HQlog, vi—Jlog, z

*ﬁa’ « Lo ey
)*050«. B
s

I(s_

= Jogay * < bjuz

. i)

(not possible without the change of base formula and calculater)

b. log, 92

"f}f%))

10
=d.\F ..
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Solving Exponential Equations by using Logs
— \r~ 9"";)
b ¢ v Auls e
1. An investment of $500 is iINvested in an account 2. A culture of bacteria triples every 30 minutes. How
that pays 6.4% compound agnually. How long will long will it take a culture originally consisting of 40
it take for the original amouni\of the investment to bacteria to grow to a population of 200 000
triple? tni¥all \ ,( ( bacteria? ymxw&cs

R G
,kal

5 or B(k)= \to(?ﬂ
prlk)= GDO(Hoow) o
kU= gpo (o) A0 000 = Lt (2>

\S00 = gpo ( (064 S’°°°E
‘/gb-a S_bot =+ 00 \=
2= Lot :.oswg?’f 4 o9 E’m\o

WX T oe0 R oo

g = I~

L] Here are a few strategies to try when solving exponential equations 233 mipudes
+ IMatch bases if POsSI ible (Dol 15 13 Nave 3 Fngle B352 ON One £Ie of 1ha equation 30 the Eame $ngle base On 1he oMer £le of M2 2QU3TIN — N3 COSmclents)
+ IMake a substitution to simplify the equation g: e reigt fer questons iz o)
s« Take log ar In of both sides (as a whole, not log of separate terms!) e e oyr i atrer metnoss dont wor)

3. Solvethefollowing;z;ti%n;w(%&mm e Nn w*ﬂ
Bosfos , [N - o) o
52 5« = () “~ ¥) %
gzx;C -2 ,éd*\a.:te_ (H %%%\ —,1':)1

_Lq + loc = QO

.o' 1'9“
a#— \1/50\ KO %js—_—

)
a,[G
@

o
C A==—2

m
o

>

11
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M c.4(3) 4
LKk o=3™
Ya + o= -4
ot a1 =°
@%&1&'@9\3—; o

ot =0
a;:—?,
X

0% D =—L

)
,lojsﬁz Y= x

R croc = %f\% =X

g\ﬁ, . INEn PR i
/ ﬂ""‘(‘L

o\ PS:“%;&@S‘%RS)

Name:

X Dot suid foce
uless e ©
oNT  -expocasid

do thiz
&( (MONO miALS

qQ
) = ,an’
@:}yﬁ (Lzs) = = e

(Olh (25 —.,\2,‘\\&;‘:-1
o In 25 = x B3 + A dnl3S

Cormmmor

(3
l00n L25 = = I S SR TS

oXnlls _ 4

ﬂh 3 -Q/en |as -

"OV"S -
vasst
= EIBHWM\ZS)I_G i %}& f197" g1 gtojﬂn:;z:r
WU‘ /\ S‘W\‘*J«\ /Qr\ -
-4 2\—% ~ :
3 = @ Y- ﬁﬁ\‘l(ﬂ) =2 —c.(s oée-\i.:;.,l,\-\*ﬂ(
R__J
2 oaew =239 *;q 1
1@2&41 2 ’ L\ gl"‘ a
=L v T
e flg 1) e ) 2R
~
VR 8T0NS <
Tt T pa
1 I - »\x+'. WX -
TR R Lo
s e 5 5
" R~ -—
e L S
\{,_,‘1 kb a"*” _ »Qr\ 3
& - & (—1—\>ln& = —xﬁr\;i
—al~2 Jr\ = (—X ’N»L
;n a M = %1’%‘4 &+ _
i -2 Xz alns= A of m—l
—]o =9t 9'—(——&1\?_-(—2'\3): Ln2

X= An o = |, %oq ..
j//\% — Do 12
= ,Qr\?—

=5
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Solving Logarithmic Equations

\When you are are solving logarithmic equations, keep in mind the domain of legarithms and discard any
solutions that make log(zere) = undefined or log(negative) = undefined

Alsa remember that you CANNOT distribute the log over separate terms, just like you CANNOT distribute
exponents over several terms

Ex S
+ o dﬂ’rﬁ%"‘*e’ can' t

A
log(3+ x) o (3+_\:]2
not vvxu.%“?xﬂo&‘

D Here are a few strategies to try when solving logarithmic equa’tarls .
s (Change the form to an exp{:-nentialb c ma andsolve ;ging exponential equation rules
{can only do thiz when thers is a single log on one side that is isolated) o s
+ Equate the inputs of the 10gs (can do this when there is;“ﬁ{e equatioff of the SAME base)
* Use laws of logs to condense the log terms to 3 si for the whole equation or a one log for each
side of eguation, then attempt the other strategies above

Solve the following equations. <LK ~b-X
W, By b.log, . (6w) = log,  (BOL46)
Tr18 R
/& L%U-A( \V\f&b Lz /Q,/'I:
1 Ooa G '&36’ - i,,,/;,
x=\b

b b
i ) 4 ")
= ::‘\E yuscordpun wet ] b 5:,\&”‘)

(¥ ? -
x = _\_.@- o X= e S*
L= 0K &
c.log, 18x—log, 2.5=log, 39.6 d. log,(x+2+/6)+log,(x—2/6) =2

W \,/
Jj,@*%;} Lo 306 Joy(@eadaa) = 2
o pguate e i, (323554 4(5) ) =

ﬂbjr ("1’ aw) = 9‘0\;@:&
S\‘I\‘L(u zﬁ)
3 )

_O,(\
as

b

*=58
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e.l-:}gx8=l

4
1\,
)
A= ¥

g.log, X+ log,x=12

ExpLogs Page 15

Name:

f. E log. gxz Ie:ngl:,g +leg. 47

)l
() -y £2)

by \%\ oy, c% )

h. ]oglf + log((ox —3)=logl0

W/
}Bgt, QL (1—3)3: /dvjl. (o
A YIS S npuXs
at—2x = (O
3 -3~ O
@_ - S‘lx t 2)‘ e

% - @ou_

c,LuL—i /Loj %t /&j (1'3)

14
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Solve Problems -
The Rlclhter %:5"@7?
The logarithms are used in several different real life applications Mm_icﬁi:*m i N o
« Earthquake magnitudes (developed by Charles F. Richter) n_"]';““’g'{:""mi:: -
s Intensity of sound waves (how loud things are) b gl L
+ pHscale "Mf' g i e
2 2 G 3;' mmzm
M =log L— (4-48) Mthd-hm 7o cetn e wves
I&; . 'v unuwy::;:mww @‘ EE:E:M;J
M = the magnitude of the earthquake on the Richter scale g Fumines i
“Xo = the intensity/amplitude of the reference earthquake - ‘""“m'*

—1 = the intensity/amplitude of the wave detected by the seismograph of the sarthquake being measured

Te . .
m 1. In October of 2005, Pakistan experienced an earthquate of magmtud@sultlng in the death of gve 000

people. Later on that month, Owen Sound experienced an earthquake of 4.2 in magnitude(H
intense was the Pakistan earthquake to the quake in Owen Sound? T,

to=log(Zr)  wasleg (%)

I
'}‘. 3: L Safe exposure times  dB
0 s I:g GRS , Shovgun, s
“ — w
L &:o lo - % Jen plane takealf
e Lackhamemed, beavy industry
(v} I°$tf [()‘”-Fr Tw Hock cancert
Power tooks, snowmobie
~ .6 3.4 Chialm saw, motnrcycke
oo IP - lo ¢ = [O = 2 g 12-'
4.2 e s
Tw (O # o
vt L Vacuwm, hair dryer
[} Office, sewing machine
u = N 50 Mommal cornersation
e
L=10log| — | a0 Refigertor
IJ_HI 30 Whinper

_L =the loudness of sound in decibels P = e
<, = the intensity of sound power per unit area (watts/m ) of the threshold of hearing  their effectupon MY Grmiling

—T_ = the intensity of sound power per unit area (watts/m?) being measured aadng @

m 2. ud is a rock concert with a sound intensity o£ 123 dB/than the threshold of d?
: < 4B
o (038 )

I3b=1e "ﬂ(;f‘ - O=lotn(%)
2.3 = ,C,J@%) 0= Aog( | )

m~—

Te ONE
\‘1‘1 “To @ 15

Kl_()“’
vt fnes  Tndense .
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u pH ] —log [ H” } Enviranmental Effects | pH Value | Examples
: REIDNE
% = the acidity of the substance S s
"Wt = the concetration of hydrogen ions (moliL) R e
MitEndo(a2) gHaq Ackran 4244
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5. Aboatsells at $16 000. Each year it depraciates (decreases in value) by 15%. In how many years will the boat's
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