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Exponentials & Logarithms Unit 8

Tentative TEST date

Big idea/Learning Goals

This unit begins with the review of exponent laws, solving exponential equations (by matching bases method and
trial & error method) and problems solving with exponential functions. You will then learn about the inverse of
exponential functions — which is a logarithmic function of the same base. Just like there are several exponent laws
there will be several logarithmic laws that you will have to know. These laws will help you in solving more
complicated exponential equations where previous methods don’t work or to avoid the use of trial & error method.
The laws will also help you solve logarithmic equations. You will learn how to graph logarithmic functions by the
use of transformations or by the use of key characteristics and finally you will study some real life situations that
involve logarithms.

Corrections for the textbook answers:

Sec 8.1 #9c) 3.

Sec 8.2 #4d) iii) domain x>0 #8a) (25, -1)

Sec 8.3 #4d) 1.40 #14a) 223 mph

Sec 8.4 #10c) x=4

Sec 8.5 #6a) 9.01

Sec 8.6 #10 x=2 the only solution

Sec 8.8 #7 table is wrong for it to be exponential with same growth rate
Review  #7d) log144

Success Criteria

O I understand the new topics for this unit if | can do the practice questions in the textbook/handouts

Date

pg Topics # of quest. done? Questions | had
You may be asked to show them difficulty with
ask teacher before test!

2-4 | Review of Grade 11 (2 days if there’s time)
THREE Handouts

Exponent laws, Solve exponential equations by matching bases, Solve exponential word
problems by trial & error

5-6 | What is a Logarithmic Function?
Section 8.1 & 8.3 & THREE Handouts

7-8 | Exponential & Logarithmic Functions
Section 8.2 & THREE Handouts

9-10 | Laws of Logarithms
Section 8.4 & TWO Handouts

11-12 | Solving Exponential Equations by using Logs
Section 8.5 & TWO Handouts

13-14 | Solve Logarithmic Equations
Section 8.6 & TWO Handouts

15-16 | Solve Problems
Section 8.7 & Handout

REVIEW

Reflect - previous TEST mark , Overall mark now
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Review of Grade 11

u 1. Summarize the laws you learned in grade 9-11 (multiplication, division, power of power, zero, negative, rational, distributive properties)

2. Apply the laws to the following examples as you simplify the questions. Leave everything as exact numbers,
with positive exponent answers.

o (20037 b (845") (27657 c. [64mﬁj—§

6x’y™! 343

o

@ () i afe

¢! ><(3c*2)_2 8xty 1q
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There are several useful constants that are used for math

mis called and 7 = is used with anything circular
e is called and e = is used with exponential continuous
growth/decay

Read up more on the number e:
http://betterexplained.com/articles/an-intuitive-guide-to-exponential-functions-e/\

When the variable is on the base, not in the exponent, to solve it you must isolate it by using

When the variable is in the exponent, not on the base, to solve it you must

When the variable is in the exponent and bases cannot be matched you must use

3. Match the method to each given question. Then solve.

2x _ 4 e _
@ a 2>=8 o 2t 412174 c. 2-¢"+5=22

4. Practice matching bases method:
.3 =1 - . 57457 =150
@ a b. (1) sl _ 1 c

?a d 4X=L 2( 1 jx:(ljx+2.5 . 3x+3_3x=234
e

256 64 >
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u5.

Name:

Here is the general equation for exponentials that will most often be used for exponential word problems

that have horizontal asympote of y = 0. Explain the significance of EACH letter in the context of a word
problems and summarize how to find the ‘b’ in the equation.

X

yza(b);

6. Solve the following problems by using the trial & error method.
(you will later learn how to use logs to solve these without the use of trial and error)

a.

A drug’s effectiveness decreases as time passes.
Each hour the 250mg drug loses 5% of its
effectiveness. How long will it take for the dose to
reach the low level of 52mg?

C.

A cottage is originally bought for $150 000. If the value of
this cottage appreciates at the rate of 7% per year, when
will the cottage be worth $200 000?

b.
Carbon-14 has a half life of 5730 years.

(If no initial amount is given, assume 100% is the initial amount)

Some pre-historic cave paintings were discovered in
a cave in France. If the paint contained 48% of the
orinial carbon-14, estimate the age of the painting.

d.
The 200 fruit fly population doubles every 5 days. In
how many days is the population up to 1000 flies?
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What is a Logarithmic Function?

1. You've seen inverses for all the functions you’ve studied so far, except for exponentials. Recall that inverse
graphs are just reflections in y=x lines and inverse equations have x=input and y=output switched.

[]

recall inverses of lines and quadratics

a. Sketch the inverses of these exponentials b. Find the inverse equations of these functions.
fh A A *
&+ Y I
4_ !,/3" T X
- 24/ zxz . )
y=2x+1 £ - —/3_-3/
T T T :r""r T T T a 3 2 o . o 1 2 3 4
-5 -4 =1 2 4 &%
721 x=1
& }" = = ,
- _4_ i
E ‘ _'6'_
ke [ b 4
't I A
E Y | 1
! [ y=x*
4 . ! 3 ‘6= 5 O'L\l.‘-%

2 %:“‘:--—a-

= IV XY
W 72
_ﬁ_ 3

u 2. The inverse equations you've found above don’t have the output isolated and hence cannot be written in
function notation. This is one of the reasons that logarithms were invented. Summarize the rule of switching
exponential form to logarithmic form or vise versa, then write down the inverse functions using function
notation for the above questions.

3. Practice switching the form
@a. r=log,q b. d’=c

i ! ?
— 1 1
C.10g42—2 d.( j —
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u 4. What meaning doeslog, x have?

5. Evaluate the following

& _ 102 1000000 b. log, 16

?@ log; 1 d. 1 i
C. 0g, 64
e. log, /9 f. log, 49°

6. Find the inverse functions
E a. y=2log,(x~1) 4* -1

ﬁ c.y=log, 2x+5 d. y:2(3)x‘9

Name:
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Exponential & Logarithmic Functions

E.] 1. Review how to find the equation of the exponential function from a table or a graph

a. b.
o]
/] X y
A 2 14.75
SENEEJEENEEN 4 113.19
] ] 6 728.42
e 13 00y T3 s 8 4573.64

Horizontal asymptote at y=-4.

u 2. Summarize the steps of sketching exponentials. y =ab'"? +¢

Sketch the following functions, state domain and range

@, y=-2(4)>" +3 4. W@y =100 5. y=5(.5)

8-x
2

—-10
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u 6. Summarize the steps of sketching logarithms: y =alog, [k(x—d)]+c

Sketch the following functions, state domain and range
| 7. y= _élogm x—3 8. y=log,,(6x+12)+0.5

13 9. y=2log,;(15-3x)+1 10. y=2+log,(4x+1)
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Laws of Logarithms

Name:

Read and understand the following proofs to the new logarithm laws.
2. Proof is similar for

1. Proof for

log,a"=x
let f(x)=a" then
f'(x)=log, x

you already know that
f'(f(x)) = x, therefore
log, (a*)=x

3. Proof for
log, (xy)=log, x+log, y
Use the exponent multiplication law:

m n m+n

a -a =a

letx=a" <log, x=m
{and y=a" &log, y=n
log, (x-y)
=log,(a"-a")
=log, a™""
=m+n

=log, x+log, y

Notice bases have to match and coefficients as well.

clog, (x-y)=clog, x+clog, y

5. Proof for

log, (x)" =nlog, x

Use the exponent power of power law
(o) =a

{ letx=a" < log, x=m

log, (x)"

=log, (a’” )n

=log, a™

=mn

=nlog, x

6. Proof for CHANGE of BASE

a

log, x

=X

4. Proof is similar for

log, (ij =log, x—log, y
y

{ b*=aelog,a=x

b*=a

logh* =loga

xlogb=1loga
_loga
~logh

7. Proof for
log,1=0
Use the zero exponent law
a’ =1

log, @’ =log, 1

O=1log,1
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8. Expand the following by using laws of logs

Z

?&'] C. loga\/;

9. Condense the following into a single logarithm

@, a. 4log, \/;—loga y

i

3
C. Eloga z+log, y

10. Evaluate
a. log, 9

3
(possible without a calculator since bases can be matched)

Name:

1
b. log, (y3z3J

1
3

d.log, (i
@]

b.-5log, x+2log, y +%loga Z

1 1
d. 2log x*——1lo +—log z
g, > g, 5 g

b. log, 92

(not possible without the change of base formula and calculator)

10
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Solving Exponential Equations by using Logs

@

1. An investment of $500 is invested in an account 2. A culture of bacteria triples every 30 minutes. How
that pays 6.4% compound annually. How long will long will it take a culture originally consisting of 40
it take for the original amount of the investment to bacteria to grow to a population of 200 000
triple? bacteria?

u Here are a few strategies to try when solving exponential equations
L MatCh baseS (goal is to have a single base on one side of the equation and the SAME single base on the other side of the equation — no coefficients)
e If x appears once - Switch forms to log
e |f x appears more than once, no plus/minus between bases - use laws of exponents to rearrange

(remember if exponents are the same you can combine bases)

e |f x appears more than once, WITH plus/minus between bases - Make a substitution to simplify the
equation

3. Solve the following equations.

i N 1 x+1 X
a.S2 =, |— b(lj +(lj =20

625 4 4

11
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| (SJIO_X . o Wa(3)+3 =
C. Z =7
x—4 _ x—6 X
@ e3=9 £192 " =81

4x'L:23x+6 . l x+1_ l x
g. 16 2 3
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Solving Logarithmic Equations

When you are are solving logarithmic equations, keep in mind the domain of logarithms and discard any
solutions that make log(zero) = undefined or log(negative) = undefined

Also remember that you CANNOT distribute the log over separate terms, just like you CANNOT distribute
exponents over several terms

Ex.
con't can T
log(3+x) (3':32

u Here are a few strategies to try when solving logarithmic equations
e One isolated log> Switch forms to exp
e Two logs of same base on either side > Equate the inputs of the logs
e Many logs 2> Use laws of logs to condense

Solve the following equations.
a.log 1o_y b.log, ;(—2x) =log, ;(~6—x)
“18

c.log, 18x—log, 2.5=log, 39.6 d. log,(x+2/6)+log (x—2/6) =2

13
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ﬁ e.logx8=l
4

g.log, ¥’ +log, x=12

Name:

f. & log, %x = log, % +log, 47

h. logx+log(x—3)=1og10

14
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Solve Problems

»

@1.

»

The logarithms are used in several different real life applications
e Earthquake magnitudes (developed by Charles F. Richter)
e Intensity of sound waves (how loud things are)

e pHscale

M =log L
IO

__=the magnitude of the earthquake on the Richter scale
__ =the intensity/amplitude of the reference earthquake

well-bullt structures,

Bujldings displaced

Name:
The Richter Dartbgeto
d
scale @' o
Measures energy waves :
emitted by earthquake -
0-19 ) Can be detected g
- > only by seismograph

[ "\ Hanging obj
l2-29 ) maygsmgng s
a5

. Comparableto
(3 -39 J the vibrations of
a passing truck

May break windows,

cause small o
nY unstabile objects to fall
=K

Furniture moves,
chunks of plaster

may fall from walls

from foundations;
cracks in the earth;

Lo nderground
E-L ""—p/;;es broken

Bridges destrayed,
- Few structures
left standing g

Mear-total
o destruction,waves
" moving through
the earth visi
with naked

9 and over
[

ﬂ’f“

__=the intensity/amplitude of the wave detected by the seismograph of the earthquake being measured

L=10log L
IO

__=the loudness of sound in decibels

Safe exposure times

Instantaneaus
permanent damage

Less than one minute

Less than two minutes
-Threshold of pain

7.5 minutes

Any exposure

to noise levels 90 dB
and higher can
result in permanent
hearing loss

Common noise
levels (dB), and

___=the intensity of sound power per unit area (watts/m°) of the threshold of hearing  theireffect upon

__=the intensity of sound power per unit area (watts/mz) being measured

hearing

In October of 2005, Pakistan experienced an earthquate of magnitude 7.6 resulting in the death of over 73 000
people. Later on that month, Owen Sound experienced an earthquake of 4.2 in magnitude. How many times more
intense was the Pakistan earthquake to the quake in Owen Sound?

dB

Shotgun, rifle

Jet plane takeoff
Jackhammer, heavy industry
Rock concert

Power tools, snowmobile

| Chain saw, motorcycle

Lawm mower

80 City traffic

70 Wacuum, hair dryer
60 Office, sewing machine
50 Mormal conversation
40 Refrigerator

30 Whisper

20 Rustling leaves

10 Breathing

1] Threshold of hearing

@ 2. How many times more loud is a rock concert with a sound intensity of 123 dB than the threshold of sound?

15
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u pH :—log(H+)

__=the acidity of the substance
__ = the concetration of hydrogen ions (mol/L)

m&

A fish tank’s water was recently changed with distilled water of pH 7.

The day after it was changed, apple juice was spilled into it which
caused the pH to drop to 5.8. By what factor has [H*] changed?

Name:

Environmental Effects | pH Value

ACIDIC PH=0

pH=1
pH=2

All fish die (4.2) pH=4

Frog egos, tadpoles, crayfish,
and mayfiies die (5.5) PH=%

NEUTRAL Rainbow trout
begin to die (8.0}

BASIC

Examples

Battery acid
Sulfuric acid
Leman juice, Vinegar
Orange juice, Soda
Acid rain (4.2-4.4)
Acidic lake (4.5)
Bananas (5.0-5.3)
Clean rain (5.6)
Healthy lake (5.5)
Milk (.5-6.8)

Pure water

Sea water, Eggs
Baking soda

Milk of Magnesia
Ammania

Soapy water
Bleach

Liguid drain cleaner

?@ 4. A radioactive substance has a half-life of 3 days. Suppose you have 750 000 g of this substance now. In how many

days will the mass be 2.3 x 10?

5. Aboat sells at $16 000. Each year it depreciates (decreases in value) by 15%. In how many years will the boat’s

6. Find the pH of a solution with hydronium ion concentration of 4.5x10°

7.

8.

value be $10 000?

Find the decibel rating of a sound with intensity of 5000,

If a sound has a decibel rating of 85, how much more intense is it than the threshold sound?

16



