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Exponential, Logarithmic &Trigonometric Derivatives

Tentative TEST date

Big idea/Learning Goals
L

The world’s population experiences exponential growth—the rate of growth becomes more rapid as the size of the population
increases. Can this be explained in the language of calculus? Well, the rate of growth of the population is described by an
exponential function, and the derivative of the population with respect to time is a constant multiple of the population at any
time t. There are also many situations that can be modelled by trigonometric functions, whose derivative also provides a model
for instantaneous rate of change at any time t. By combining the techniques in this unit with the derivative rules seen earlier,
we can find the derivative of an exponential, logarithmic or trigonometric function that is combined with other functions.

Corrections for the textbook answers:

@ Success Criteria

O I understand the new topics for this unit if | can do the practice questions in the textbook/handouts

# of quest. done?
Date pg Topics You may be asked to
show them

Natural Exponential and Logarithmic Derivatives

5.1 & Appendix of textbook p 571-575

7.9 Exponential and Logarithmic Derivatives of any Base
5.2 & 5.3 & Appendix of textbook p 576-578
Trigonometric Derivatives

3-6

1012 1 54855
13-15 Related Rates — 2 days
Appendix of textbook p 565-570
Review of All Derivatives
- Handouts online
g
Reflect - previous TEST mark , Overall mark now
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Derivative Formulas

In the following, u and v are functions of x, and n, e, a, and k are constants.

() =lim Flx+)—- f(x) The Definition of the Derivative

sl h
A The derivative of a constant is zero.
o (k)=0
a i The derivative of a constant times a function.
EUC(H(X))) =k—
a [u” ) ] du The Power Rule (Variable raised to a constant).
X A
d , \ The Product Rule.
— (tav ) =1+ v
a4 % ! The Quotient Rule.
o v e
dy _dy du The Chain Rule.
Effx o Another F f the Chain Rul

, \ nother Form of the Chain Rule.

S (fee)=1 (e[
a .. i The Derivative of the Sine.
E[smu) = COSL —
a i The Derivative of the Cosine.
E[cosu) = —siny —
i 5, i The Derivative of the Tangent.
E[tanu) =5e¢Ti —
d [é‘” J _ i) The Derivative of e raised to a variable
A Ax
d ¢ N il The Derivative of a constant raised to a variable.
E (a J= a“‘lneg —
d 1 A The Derivative of the Natural Log.
—(Inu)=~——
o 1 dx
fd 1 Au The Derivative of the log to base a
— [l-:-gﬂ uj = —
X telna Ax
others
a A ) Bt a AL
— [eotu )= —eset — — (secis) = seen tanu — —[esew )= —esew coty —
A Ax A A ax ax
— | Tan = — —|[Cos 1 |= — — = —
X 1+ 1% dx X J—? dx b qu_uﬂ e
d [C t_l ) -1 du el (SCC_II,{, 1 i d (CSC_JI,{, -1 e
- ) | = —_ - = - - = -
i 145 dx dx a|ofe? —1 @ dx e[ o/2a? —1
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Natural Exponential and Logarithmic Derivatives

e:

1. Show the applet of an exponential function and its

derivative. For what value of the base does the

2. This special value is given the name

, it is defined to be a

derivative and the function become the same?

d X X
number such that|—(e”) =e"|.
dx
3. Recall that exponentials and logarithms are .
Here are some properties of the natural exponential and natural logarithm.
M A
#
8 v * The domain is {x=R}. ¢ The domain is {x=R|x = 0}
4 // e * Therange is{y=R|y = O} * Therangeis {¥=R}.
f= Ef L ‘ e s R .
€ : -:--"':"'" .z * The function passes through (0, 1).| * The function passes through (1, 0).
12 -8 -4, 4 8 12 nx _
241 s ina o @™ =y x>0 * Ine* = x x=R.
i
S —E— ¢ The line v = 0 is the horizontal ¢ The line x = 0is the vertical
L asymptote. asymptote.
g 5
4 I

4. Recall also the following exponent and log rules:

yis x>0

Special Logarithms

Inx=log, x natural log
logx=log,x common log
where e=2.718281828._.

Exponent Rules Log Rules
aa = gt a _ Q™ = 1 The domain of log,
am aﬂl—ﬂ'
m = — k¥
(a”] =q™ a’=1, a=0 logyz =y =z =b
L i ] b]ﬂ‘ﬁb‘z’ =
" [ a _a
(ab)" =ab [g] = logy b% = &
a :i 1 g logy, 1 =10
e a logy b = 1
a b 3 & 45" e
E = ; =a_“ an =(ﬂ"‘) =(-:I ) lﬂgﬁ.ry=lﬂg5;r —|—10gﬁy
T
logy, — =log, = — lo
Ja-at  Wab-ai By ~lons —loy
- - a Ya logy ¥ = ylog, =
JE = -JE Rl — —=
b b 1 log, =
ogp T =
¥a" =a, ifnisodd logg b

a

=‘a,ifniseven
If a#l,a” =a’" ©x=y

If x#0a"=b"=a=>b

Ifb#1log, x=log, y&= x=y

If x#1,log, x=log ,x = a=b
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Review how to work with the laws:

6. Solve for x. to three decimal places. 8. Express as a single loganthm.
(a) e = 16 ®) In(x— 12 =4 (a) 2Inx + In2x ) 3In4 — 2Inx
(c) e = 175 (@ Inx =2 (€ 2In3x +3ln(2x — 1) (d) 2Inx +3lny
© (%) Inx — (%) Iny ) —5ln2x +6lnx

5. So derivative of f(x)=e" is the same as the function. (Remember the number e was chosen so that this occurs).

Use this fact and the fact that logs are inverses of exponentials to figure out what the derivative of natural logarithm
f(x)=1Inx is. (The answer is on the formula page 2 but show a proof here)
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Now practice finding the derivative
7. Knowledge and Understanding: Find % for each function.

(ay= \/E
(©y=lne™

(® y=xlnx

(g y=In10xt

(i) y=In(8?+ 2
(k) v = In 3x"

®)y = =

(dy y =Inéx + In2x
®y=px

M y=Ilnx+Ilnx?+1lnx®+Inx*
@ »=Veh3

M y = (#)nx")

Name:

13. Find % for each function.

(@ y =x In2x (b) ¥ = (In 6x)(In 2x)
© ¥ =555 @y =mn(25>)
@y = +Inx? ®y= 55

(g) y = etlox (i) y=3(1n\fﬁ)2
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14. Find the equation of the tangent line to the curve v = In 2x at the point
where x = %. Graph v = In 2x and this tangent at that point.

24. Letf(x) = In (x%e%).

(a) Determine f'(x) by first using the laws of logarithms to “expand” the
EXpression.

(h) Determine f'(x) without first simplifiing.
(c) Compare the results. Which method do yvou prefer? Why?

26. Use implicit differentiation to find % for each function.

(a) n(xy)=2—-x—y (h) lny +2x =1
(©) In(x+y)=1 (dInx+lny=x
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Exponential and Logarithmic Derivatives of any Base

1. Can we somehow use the chain rule in combination with our knowledge of how to differentiate f(x) =e" to help us

to differentiate f(x)=a"?

2. And the general derivative of any base of a logarithm proof:

b Diﬁﬂm{m& 2. Find % for each function.
(@ y=5 (b) v = (0.47)
(d) y = 3(2) (e) v = 4e¥F (a) y = log, x (b) y = log; x

@y =-3logx (¢ y=—(ogx)
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5. Differentiate.
(a) y = x7 X (3
(©) y=Flog,x
(e) ¥y = 2x log, x
(8 v=2Ilnx
@) y =3

Name:

() ¥ = log; (x* +x + 1)

@y=%

0 ¥ = 32000
() y = x0x)
My =S

10. For each function, find /'(x). State the domains of f{(x) and " (x).

(@) f(x) = log (5 — 2x)
(©) f(x) = log; (x* — 4)

(b) f(x) = 50(1.02)*
@ f(x) = In (39
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3. Ify=te—e' — 2t* represents the movement (distance to the origin) of a particle along a straight line.

When does velocity equal to zero?

Is there a maximum or minimum distance to the origin?
Find the acceleration function.
Is there a maximum or minimum velocity?

oo

4. When a particular medication is swallowed by a patient, the concentration of the active ingredient, in parts per million,
in the bloodstream is given by the equation C(t)=150¢(0.5)", after t hours.

a. What is the highest concentration of the medicine?
b. How fast is the concentration decreasing after 2 hours?
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Trigonometric Derivatives

Name:

Here are some formulas you should have seen before:
Cosine Laws Sine Law

sinA_sinB _sinC

¢ =a*+b*—2abcosC

a b
C a?+b2—c?
cos C=
2ab Pythagorean
a’+b>=¢’

Quotient Identities

sin @ ) -
tan 8 = —— sin @+cos’ =1
cos & . ;
tan" @+1=sec” &
ﬂ‘t'g= M 3 ]
sin @ l+cot-8=csc” &
Double Angle Sum/Difference

sin{28)=2sinfcos

cos(26) =cos’ @ -sin’ &

Pythagorean ldentities

c

sin{e= f)=sinacos fxcosasin f

cos(ax f)=cosacos fFsingsin f

Circles

Arc length: s = r#?

1.
Area: A =—r28

2

opp _

Proving the derivatives for sine and cosine involves the following limit properties. (check out derivatives unitin AP course online if you're interested)

— X ma s +
=2cos H‘ 1 tan(a £ ) = tan e + tan 7
=1-2sin" & IFtaner tan S
¥
mu{zgpﬂ
1-tan” &
. siné . cos@—1
lim =1 Iim— =0
6—0 @ -0 G

These are not necessary to know for this course, so I'll just show you the visual proof using technology.

Now using sine and cosine derivatives prove the derivative of tangent shown on the formula page.

10
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Review how to solve trig equations

a.

(2sin@+1)(2cos 8+~/2)=0

Differentiate

1.
3.

y =cos3x
y =cos’(x* +7x)

b.

Name:

(/3tanO—1)(secO+1)=0 c. 3sinx=2cos’x

2. y=2sinzx

4 y=2sin’ x—4cos’ x

11
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Differentiate
5  y=x’cosx
7. y=0.5tan27x
S y=(sin[5x+e")f
11. sinfx’|

y=e
13. ¥ =" casf_Ex-:}.Z}

15. y=ms|:j1n|:'5x+2].}

10.
12.
14.

16.

Name:

y=x"tan(7x —x)
y = tan xsin 2x

y=sin(5x*-7.2x* +3.8)
y= ln(Z” - sin(Sx})
y= sin( \I'rx }

V= sin('z‘:2 )cas(S*)

12
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Related Rates

1. Review the importance of Leibniz notation and find the following derivatives for a*+3a=b—ab’

a. di[a2+3a:b3—ab2]
a

b. %[a2+3a:b3 —ab2]

c. %[az +3a=b’ —abz} if a(x) and b(x)

2. Air leaks out of a balloon at a rate of 3 cubic feet per minute. How fast is Steps
the surface area shrinking when the radius is 10 feet? (Note: SA = 4ar? &
V =4/3 ar3)

13
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3.

A small balloon is released at a point 150 feet away from an observer, who is on level ground. If the balloon goes straight up at a
rate of 8 feet per second,

a. How fast is the distance from the observer to the balloon increasing when the balloon is 50 feet high?

b. How fast is the angle of elevation increasing?

14
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4. Water is pouring into a conical cistern at the rate of 8 cubic feet per minute. If the height of the cistern is 12 feet and the radius
of its circular opening is 6 feet, how fast is the water level rising when the water is 4 feet deep?

15
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5. The radius of a cylinder is decreasing at a rate of lcm/min. The height remains the same at 20cm. How fast is the volume
changing when the radius is 12cm?

6. A particle P is moving along the graph of y =+ x> =4, x>2, so that the x coordinate of P is increasing at the rate of 5 units
per second. How fast is the y coordinate of P increasing when x = 3?

16



