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Exponential, Logarithmic &Trigonometric Derivatives

Tentative TEST date

Big idea/Learning Goals
L

The world’s population experiences exponential growth—the rate of growth becomes more rapid as the size of the population
increases. Can this be explained in the language of calculus? Well, the rate of growth of the population is described by an
exponential function, and the derivative of the population with respect to time is a constant multiple of the population at any
time t. There are also many situations that can be modelled by trigonometric functions, whose derivative also provides a model
for instantaneous rate of change at any time t. By combining the techniques in this unit with the derivative rules seen earlier,
we can find the derivative of an exponential, logarithmic or trigonometric function that is combined with other functions.

Corrections for the textbook answers:

@ Success Criteria

O I understand the new topics for this unit if | can do the practice questions in the textbook/handouts

# of quest. done?
Date pg Topics You may be asked to
show them

Natural Exponential and Logarithmic Derivatives

5.1 & Appendix of textbook p 571-575

7.9 Exponential and Logarithmic Derivatives of any Base
5.2 & 5.3 & Appendix of textbook p 576-578
Trigonometric Derivatives

3-6

1012 1 54855
13-15 Related Rates — 2 days
Appendix of textbook p 565-570
Review of All Derivatives
- Handouts online
g
Reflect - previous TEST mark , Overall mark now
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Derivative Formulas

In the following, u and v are functions of x, and n, e, a, and k are constants.

() =lim Flx+)—- f(x) The Definition of the Derivative

sl h
A The derivative of a constant is zero.
o (k)=0
a i The derivative of a constant times a function.
EUC(H(X))) =k—
a [u” ) ] du The Power Rule (Variable raised to a constant).
X A
d , \ The Product Rule.
— (tav ) =1+ v
a4 % ! The Quotient Rule.
o v e
dy _dy du The Chain Rule.
Effx o Another F f the Chain Rul

, \ nother Form of the Chain Rule.

S (fee)=1 (e[
a .. i The Derivative of the Sine.
E[smu) = COSL —
a i The Derivative of the Cosine.
E[cosu) = —siny —
i 5, i The Derivative of the Tangent.
E[tanu) =5e¢Ti —
d [é‘” J _ i) The Derivative of e raised to a variable
A Ax
d ¢ N il The Derivative of a constant raised to a variable.
E (a J= a“‘lneg —
d 1 A The Derivative of the Natural Log.
—(Inu)=~——
o 1 dx
fd 1 Au The Derivative of the log to base a
— [l-:-gﬂ uj = —
X telna Ax
others
a A ) Bt a AL
— [eotu )= —eset — — (secis) = seen tanu — —[esew )= —esew coty —
A Ax A A ax ax
— | Tan = — —|[Cos 1 |= — — = —
X 1+ 1% dx X J—? dx b qu_uﬂ e
d [C t_l ) -1 du el (SCC_II,{, 1 i d (CSC_JI,{, -1 e
- ) | = —_ - = - - = -
i 145 dx dx a|ofe? —1 @ dx e[ o/2a? —1
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Natural Exponential and Logarithmic Derivatives

Name:

1.

Show the applet of an exponential function and its
derivative. For what value of the base does the

2. This special value is given the name

derivative and the function become the same?

AN LT ...

3. Recall that exponentials and logarithms are

EwlecC Cons ', itis defined to be a
d X X
number such that|—(e”) =e"|.
dx

WD LS

Here are some properties of the natural exponential and natural logarithm.

k=

y=Inx

* The domain is {x=R}.

¢ The domain is {x=R|x = 0}

* Therange is{y=R|y = O}

* Therangeis {¥=R}.

* The function passes through (0, 1).

* The function passes through (1, 0).

Qe =y > 0.

|\ Ine" =Rx=R.

e TheTine v ;\gis the horiz?um’(

¢ The line x = 0is the vertical
asymptote.

3 T
4 /‘.«"'

P A /*"""' ——————;
12 -8 —4, 4 8 12
,;’—gd— y-=Inx

54 I

4. Recall also the following exponent and log rules:

asymptote
A4
\_&w C

The domain of log, x is x>0

r==5b

Special Logarithms

Inx=log, x natural log
logx=log,x common log

where e=2.718281828. ..

—log, y

Exponent Rules Log Rules
a” 1
anam — an+m — — an—m — —
[ [
(a”)m=a"’” a’®=1, a=0 logy = =y =
L i ] b]ﬂ‘ﬁb‘z’ =
" [ a _a
{Hb) =ab [E] = b_" lﬂgﬁ = =
_ 1 1 log, 1 =10
a " :_n — _au 'D‘gﬁ
@ a logy b = 1
a b 3 r (ﬂl )" (an )% 1 l 41
_ = — e L l = (] Iy = o I O
b a a" Zp TY L4 Ep Y
T
log, — =log, =
Ya =a* tab =/azfb By TR
W—% HE_:{,{E logy, ¥ = ylog,
b b 1 log, =
ogE T =
¥a" =a, ifnisodd logg b

a

=‘a,ifniseven
If a#l,a” =a’" ©x=y

If x#0a"=b"=a=>b

Ifb#1log, x=log,y = x=y

If x#1,log, x=log ,x = a=b
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Review how to work with the laws:

6. Solve for x. to three decimal places. 8. Express as a single loganthm.
(a) e = 16 ®) In(x— 12 =4 (a) 2Inx + In2x ) 3In4 — 2Inx
(c) e = 175 (@ Inx =2 (€ 2In3x +3ln(2x — 1) (d) 2Inx +3lny
© (%) Inx — (%) Iny ) —5ln2x +6lnx

@ e*=1k (&) Anlrx)=4 g@ g+ Dt &y Xa ()= dn o2

{ f
N N ‘:Qr\ > = LA [ 64 -
J)th\g:w Q:@z (31) =} _%)
A== + =L Gl
Rt te =) ) . 3
\ | 4877 > © In(30) + In(2220) @J&\i’ww
2% §.387 63817 % = ,Qn&q'f’(&xﬁjsk = ﬂr\ (32\73)

ﬁ @ Ing=2 v, I 2] Dot
Qw\l/a§‘~ 2% @ @ Qv’\’i «ﬂr\J @ J)"“( )-6

1125 = 2 P . ﬁ’\(&) = A ¢£y)

© > 192
2y T 1381 ! = da
3L

5. So derivative of f(x)=e" is the same as the function. (Remember the number e was chosen so that this occurs).
Use this fact and the fact that logs are inverses of exponentials to figure out what the derivative of natural logarithm
f(x)=Inx is. (The answer is on the formula page 2 but show a proof here)

\6: e/‘i/ WS W e = %\S\V\f’gm\ }/o(/be:i :\2 o~ Q/h%‘:,\g
WA

\\)0\9 Sm\\m A’«No«\(\& &M
WQ(J\\ND ({} ‘X_‘w@\b \,J\\n)\a W Sl (s \37 XL
e’y
AT

\Ql&ﬁ)&, 8 L < a\"\

e An

/\‘ zd\"\

PV
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Now practice finding the derivative

7. Knowledge and Understanding: Fi_nd%fo[ each function. 13 Fmd%fm each function.
@y = Vinx )y =25 @ v =xIn2x () ¥ = (In 6x)(In 2x)
© y=Ine* (@) y = In6x +In2x © ¥ =31 @y = 111(2"—,—3)
In 6x
(® y=xlnx ®yv=1x (&) v =(x+Inx)? H ¥ (Ili 3y
(g y=In10xt M y=Ilnx+Ilnx?+1lnx®+Inx* . 2
@ y = In (8 + 2y G y=Velhs (®) y =" [h]}’=3(]”“2x+3)( L
®) y = In 3x7 @ y = ()l x%) ) 2’ L(J)_(g)ﬁnlx-l- %12) R
v 8
S LR
/ - nldé Lno)

= \('S,Qn'l)(—l- 13 3

;wﬁ?@ = 2] \~3JL@ | e MW)
(j\-" |- 3:‘{;@( @5=Q13a\«)15¢—( )o* 3
(2x3-1)* z
© 37,?)1 @ \3 pv\ (11%) @) 23 [:Q:S,a((u)—(%(zﬁiél)}
d

e el ey

@ g2 bl 144 )l
(3u3)’ (— Q’Q 13l
YE)J) G4 @nY
1 \
@ y'= e M[l&m(“‘(?“
J R |

,)/2
L o) ) le)
3 m@

‘-.: @&V\ ARED
3 AL
(

J
i "l(_%i ’CZ) ([C:;K)] @ a S\V\Cﬁ s o |
O 5 *9) (’ Comstont

%"% B g o ()05 + & L0
© 9= == (9 1) = [ a2t < L)

= i'— 5
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14. Find the equation of the tangent line to the curve v = In 2x at the point
where x = %. Graph v = In 2x and this tangent at that point.

JErhi)  yeiy l

e R

Q/Z S N = m‘JL-klb é‘
PJ(‘ (_%_ ) \') %—; %(%\k.‘: /\\K i
o=b

= ; = 2*—5‘;
24, Letf(x) = In (x2e9). W ,er{()’ e

(a) Determine f'(x) by first using the laws of logarithms to “expand” the
EXpression.

(h) Determine f'(x) without first simplifiing.
(c) Compare the results. Which method do yvou prefer? Why? C) £ you Ao
¢ A %X )
@ _F_’ Q™+ ,Qnei @ £ = ';{g;c j‘&ie + X e 1 LCD He any S
-(—: Q.QV\'DL—\' X :(l 3(,‘] N fhe sare
£'= 2 4 aze* & s
oC

= 9"['1
2

26. Use implicit differentiation to find % for each function.

(a) n(xy)=2—-x—y (h) lny +2x =1
(©) In(x+y)=1 (dInx+lny=x
\ - o —u) \ -
© i‘g[“s”ﬂ o-lmy & Hy 3._,‘123
] _u!
Lo =1y .
_ _’_L ¢ _ l+ ! =0
(y’[—\;ﬂ-&: =% %y [ JI
Iz "'”3’2 1 + -61-]— =0
g — ey oty
'yL*’ t= [— ] (’DH-D)
Cj 9(-&:)
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Exponential and Logarithmic Derivatives of any Base

1. Can we somehow use the chain rule in combination with our knowledge of how to differentiate f(x) =e" to help us

to differentiate f(x)=a"?

.Z)E- (j.—, /Ze X
g
9
=%
J (o) é;’ [+) Sub
o1 | *
r\a__\i
dx \
%) = 7 = dnco
1 O Yo
1. Differentiate 2. Find % for each function.
@y =5 (®) ¥ = (047
(d) y = 3(2) (e) v = 4e¥F (a) y = log, x (b) y = log; x

(d) y = —3log, x (e) ¥y = —(logx)

@J(zﬂa @’EJ sc,Qn

_ =3
@(\j m:" © y djnlo

@ C\)\?_ B‘iﬁng @ al-.-, O\LL:\"J(./QV‘(O‘\GD
@ y'= 56512 ® 4= le™
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5. Differentiate. x
(@) y = x7 X (5)F by y = log(xz+x+1) O(j 3&&310314’59(”3
(©) y=Flog,x @dy= ?_
@) v = 2x log, x M) v = 32(10)0% > W) - Yo
[g}}_.=2x]ni4 (h]}__zji{;fﬁ @ \6 & x‘\&&) ’U
(@) y=3=* G v = —3‘1"— -~
@ y=52" 57+ 2°5UnS @)y L (aa.41) Y= &;ﬂ”‘l__)ﬂ
- c* 4 , ALl
6%t [ 5+ o dns ] g 3% b
0Lq —
© 3= Uoy + wlo & QC, AT N oo\o:) ey
\J\:M«f}g Jf‘x‘i‘ N 0(0\1@ 0) .
8 sl oz o e A e () 0L
\f)“ahﬁmc*l —'}}E/ ¥ r - \p\)\,s\&ﬂ
o m %zmk’g,ub \/h\“ b 1}) ?

Oy o) D) >M ;
Jng & ¥
D oSy U? et b
L > I\T | Ant 1
R R P e
L \L X qla34) + 11\5

10. For each function, find /'(x). State the domains of f{(x) and " (x).
(a) f(x) = log (5 — 2x) (b) f(x) = 50(1.02)*
(€) f(x) = log; (x* — 4) () f(x) = In (3

@‘D; 5-2%70 g'e A \L}'D‘mx;h’

5 2 S (gl
%”\/wy by ST b

R VR N (190 i R ET) VI PR

© O -4 >0 % |
e € ,STH&“K %) 0 i’*‘t’x»&zw\/m

:.\ LK + /’—/ Ve ‘( MS\\\V b
L Wy ':IJ?D~

CoL R e e
S B% R e Y S; B % * \ ey Aow

ol\..»tw\s oy. - .KVQ)
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3. Ify=te—e' — 2t* represents the movement (distance to the origin) of a particle along a straight line.

a. When does velocity equal to zero?
b. Isthere a maximum or minimum distance to the origin?
c. Find the acceleration function. —2 0o 9*\\1 «Q
d. Is there a maximum or minimum velocity?

(VRTINS
@ \R/\bb'\\’é: ?\)\-; \(’/{7“\’ -\70‘\7 *-'6/{7 _ \{k @ ('\MS\% Cfsf {

& =+
0= |& ) ey D
{=6 or e*“‘\;“o Mk\m dols  Mm
e =Y ok =0 o 12wy
@I \5:~\ \\i -1.5

l)l\“&-:'b - | . v
o o e o 108 adadhn B © ad =y =\ ke N
® wh y'=0 & V=0 &
T sy geglee]

hoNRe s Lve W =4

¥k ‘Q‘L;()OW\(GQ'),

in the bloodstream is given by the equation C(t)=150¢(0.5)", after t hours.

a. What is the highest concentration of the medicine?
b. How fast is the concentration decreasing after 2 hours?

® - (oY + (08 hlos)
= 9y |1+ £ 205\
\/\,—/

—_——
el -\ = )C&V\OS
A0
Toos”
\Wy =

L ik X =\
o e o it t&\*\‘\) =1 V;t

Lok *’\\\(\'\ o s w ten Q‘Y'
Can e i M [ sostle.

nAlor
@ ¢ &2\%. -\us g W w'\\\ioa
W \/\o\u
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Trigonometric Derivatives

Here are some formulas you should have seen before:
Cosine Laws Sine Law Circles

sinA sinB sinC )
¢ =a*+b*—2abcosC = = Arc length: s = r#? Sln9=ﬂ=l
a b c hyp r
a’+b2—c2 Area: A = 1?.23
cosC=—_—— : 2 adi  x
2ab Pythagorean cosf=——==
hyp r
a’+b*=c’ X4y =r? tanﬁz—opl?zl
adj x
Quotient ldentities Pythagorean ldentities Reciprocal ldentities
sin @ . -
tan 8 = —— sin’ @+cos’ 8 =1 cscf =t
cosé 3 3 siné
tan” & +1=sec” &
otg =29 secd=—
sin @ 1+cot’ @ =csc’ @ cos 8
1
cotd =
tan &
Double Angle Sum/Difference
sin(26) = 2sinBcos & sin{e= f)=sinacos fxcosasin f
cos(20)=cos’@-sin’ @  cos(&x f)=cosacos fFsingsinf
=2 ‘e +
2cos A1 tan(a £ ) = tan e + tan 7
=1-2sin’ @ lFtana tan S
»
tan(28) = _2tand
1-tan” &
Proving the derivatives for sine and cosine involves the following limit properties. (check out derivatives unitin AP course online if you're interested)
. sin@ . cosf—1
lim =1 Im—=0
6—-0 @ 6—0 o)

These are not necessary to know for this course, so I'll just show you the visual proof using technology.

Now using sine and cosine derivatives prove the derivative of tangent shown on the formula page.

= no = S0k fronm foamedan pogy

(oS

()\—, o L £ a2t
o6 L & SN T

C,os']"i/
8\-;_&_. - S‘COL :‘)k"
s+

10
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Review how to solve trig equations
a. (2sin@+1)(2cosf++2)=0

==\ (.o%';”gz-i’
@ s‘“% 2 ° X

Name:
b. (x/gtane—l)(sect9+l):0 c. 3sinx=2cos’x
<L =1 ==L §=—\
G*?— @ ~l—,m\5 (3 ey CJQC'N

© D= diosmox — sk Szl oc &= 2
O= &(\- N 3ShL Newrr
2L
O= QA — Asnds—3s™L X \
O= - (&sw?% + s — 9~>
®» O
{ 2
: STL
=T
O= - L&&m&—\&&\«x&l} cAEL /Q,

Differentiate
1. y=cos3x

3 y=cos’(x* +7x)

@8‘-‘- -S\“@“v L?D

= — 3% 33.,:)

2. y=2sinzx

4 y=2sin’ x—4cos’ x

@ g'v a “‘@"%

3 = QM CO&Q‘X)

@ 5‘ = e (3‘3 T "“)\”g‘\“&f thx SV &
@ (‘5‘ < oaa (usfg - X‘cosx(:wxw>

(j‘—’ CALL S oL L%s\mt +X}

11
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Differentiate

5 y=x'cosx 6. y=x"tan(r—x)
7. y =0.5tan27x 8. y= tan xsin 2x

9. y=(sm[5x+g*’:,r 10. y:sin(5x3—7.2xz+3.8)
2yl osfs)
13. LV=€I: CGSEBX—‘}.EI 14. y= n[\,— }

15. 16.

y=ms|:j1n|:'5x+2:|.} V= 51111 )60515)

@D y'=3 st + ‘3‘}(“3*“"’> @E\) o~ Fdan(-a) + o sec *ar-2))
8= € [ o - xS\ = -t [ daalwoz) e 3l

@ 5\ OB sec 1(2“‘0@«‘“) &) (j'= coctx snAx + HazCasdt )

Y= ¢ o (2T2) o
- G- 2o YBDQ'J' e 1

‘ aee® )| e l Q(ﬂ cos (532

@ J Xg\kﬁe X LS >i (/3 o ws(&“d»\ig)l

@ (\j S\“&L [U’S(i i&@@ Od L +w§'~r) .
® y=¢ (9%5(51"‘47)+ e (-l ?‘*"‘Zp@ Q0 = ‘“5‘1&\%

@ 8\: »S\N\UL\ k’s‘-,u%)&;&?) @é’: C,o&(tf'xa% D(SQL) N &m(zi” ._sm(s ))5:( Ins

12
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Related Rates

Name:

1. Review the importance of Leibniz notation and find the following derivatives for a’+3a="b’

0 - k"

2.

i[az+3a=b3—abz} —~ aa + 3=

—ab®

da
1_ Qab
b. i[az+3a=b3—abz] —~ O+O= b Sloe JD
‘ B
c. d [a +3a=b’ —abz} if a(x) and b(x) &aa, + 30' = \/\/\’
dx 7-0!5 \OQ-AO- Q X 5'—_ P
b(laé&*gicgba— S% ~ ol 3
ir leaks out of a balloon at a rate of 3 cubic feet per minute. How fast is
;?le slurgce atrei shbrirlllking vf/hentthe fzfdius is {0 g::t? (Not::: SE =47frr2t& é‘tjpsﬁ)d.' u)m 19 g\ve n WJ
V=4/3 mr) L,:@ M g
A -3 > os ave Qoo (pag adknfio~, o untk
G PR (A ert 15 o o] huge)
R . N, e, S odh 5 e 4
at " e o\w%a with hhe & i‘\ﬁiﬁig% ;
= Yy Cthey wd v 3 wrselt oL AGh
V= e Y e e | B atle ggurat - it
V&) ) SH) WL,J ol ac «%
yo con,c}m /> |
d\} = _h_fw (3-)(,7-’4‘: @ 5‘1&6 n a/(/(glwafmji\)i‘mkpo C\r:
b 3 Y [Epse anothr 24y
i ¢hll Feo oy
= L(/\T (10)2.0\/( UAkowng
At V

'/3— :0\"'
Yoo Ak
Row WS S= 4T *
Gas - oedr
ouc &t
d W(&o}(%wf

’-‘-,—_%: v /ém\w

curfate area I
Slur{y\ll.ﬂf\f) 4]( #( mk 3/7‘71 /}"ww

13
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3. A small balloon is released at a point 150 feet away from an observer, who is on level ground. If the balloon goes straight up at a
rate of 8 feet per second,
a. How fast is the distance from the observer to the balloon increasing when the balloon is 50 feet high?
b. How fast is the angle of elevation increasing?

Q o ren\ou\t\S Cons‘kw‘t' ol IS0
c b m kok\f( 'HM i"\SiJJJ
& He funcho~
% o= \SO c,‘/\bvx.%l.\
AN

sz O+ ab BE dt
/X(io)(g\ - }K(&Sooo de
lyoo _de

(Tsom” dE

®=0327% TS %m L
ra_)\ N\S
re€s Aec.

& oS “18° = 0.0 doj
Ta?Z =)

14
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4. Water is pouring into a conical cistern at the rate of 8 cubic feet per minute. If the height of the cistern is 12 feet and the radius
of its circular opening is 6 feet, how fast is the water level rising when the water is 4 feet deep?

()
Vo @
\ 0L i
\2 dh _ o ok
B
v

oS wo}(&/ ‘\S (iS\V\%
wit '\'\\»-e/
W,V ol o\m%z AU

= )W\\e Seuds

A&z QY‘A(\ \'\ * _\"ﬁlrz‘&
-3 I’?) 3 ar

e (27 A
% = A0(AE)d0 (4 +4TET Ak

\{‘“v H,: ° R \\,\c&o\sjv% Ny
2. dh, o ha 064 & [min
X

15
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5. The radius of a cylinder is decreasing at a rate of lcm/min. The height remains the same at 20cm. How fast is the volume
changing when the radius is 12cm?

A _ _ .
. 2. e/, oy ) VI
ol N o7 e\ e con

Xt

s P o?
e Lo prded oo o)

_ c
%\’E«Q‘WF%

LR CA R CD

(_)
= _L(.XD \v\ ’2 . \)&)’-Y"L HS a&'cv-e_,o;%\\j
oX O e /w\iw

6. A particle P is moving along the graph of y =+ x> =4, x>2, so that the x coordinate of P is increasing at the rate of 5 units
per second. How fast is the y coordinate of P increasing when x = 3?

K ooy Fhis . _31;2: = Sunby

dy =7 Hu=3
\ \ - TI‘% \= H* -\
Ry \ yo &

Y TR CCV ZSL-: -\
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