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1|Unit 6 12CV Date: Name:

Derivative Unit - Notes

Tentative TEST date (Q
vy Fo - 4y)

E Big ideal/Learning Goals

This unit is a continuation of the introduction to calculus. You will be introduced to rates o e as they apply to
first monomial functions, then polynomials and simple rational functions, and finall f functions.
You will develop an understanding of the relationship between the numeric, graphical and algebraic
representations of the derivative and the original function. This knowledge will later be used to sketch complex
functions by identifying the turning points and points where the function changes concavity from Concave Up to
Concave Down.

Carrections for the textbook answers:

ﬁ Success Criteria

O | understand the new topics for this unit if | can do the practice questions in the textbook/handouts

# of quest. done?

Date pg Topics You may be asked to
show them
ﬁ 1 24 The Derivative Sketches
fris - Handouts onling
! The Derivative Function for Monomials
57 21
8.0 Derivatives of Polynomials
F'.ruduct Rule
10-11 213
12-13 Quotient Rule

g Dararial Q s

mplicit Ditrerentation

14-16 (- Handout oniine \ &OW'W&' SR % *3
564

N-  Appendix of texibook p 561- Ae . H ~ 2
. . A0ty
17-1g9 | CheinRule for Composed Eunctiers = JQWW-
2.5
Review
Reflect - previous TEST mark . Overall mark now
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The Derivative Sketches

;] 1. Differentiation was developad by Sir Isaac Newton and Gottfried Leibniz in 177 century. The output of the

differentiation operation is called the /)(UfVA.‘H\IQ/ . It can be used to calculate the
Sle'ol Y 1’[«-& 9 at_ANY  point. o
2. Prime notation | 3. Leibniz notation )
(
f‘eao(d&: ‘Fpmrea*'k —F['JL) \anda.s ,/MSJJLD‘LU'gL éﬁ.
X
o comes feomn Ay - U Ay
J A pyo0 A%

The First Principles Definition of the Derivative of f{x} is

- de o R El) 1
-?('L) Xx’ ho h

L=

a 4. Find the derivative using 1% principles of f(x)=x’
a. Use the derivative to calculate quickly the slopes of tangents at x =—3,0,1
b. Graph the function and the tangents found above to show graphical representations of the derivative

y, (%) J»\"’_; M

~

1) :XL»., z{lﬁf?‘(
t l(x) = %m M

e
Ao fvahve Slxizr .
C £a)-a3)=F =i
?i(0)= als)=°
'('{\)c 20) = A
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2. Sketch the derivative for each of the following functions (draw sketches on grids below).

@, I @, W
7_“23:‘- S —— ;( I I O T '/2 15 Scymet
L foky. TP e I Y
S\e?g—ro B R
A\rwa\ﬁ'\fk 0"‘)'f"'* _ = i od :
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3. The graph of a function and its derivative is drawn in
which is the derivative. Explain your reasoning for each.

@.
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The Derivative Function for Monomials

IJ Existence of Derivatives
A function fis said to be differentiable at a if F{x) exists. At points where fis not differentiable, we say that the derivative
does not exist Three comman ways for a derivative to fail to exist are shown.

B 4, 2 I B T
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i
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AU
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[ | : L]
Cusp Vertical Tangent Discontinuity

1. Prove that the function f(x)= |x| is not differentiable at x=0, but differentiable at x=3.

B Fl)- e £l - ) 26y
W0 W

i M- el
=R ] \x\\_,i\« E wyo b3\
l~ e

Lo —h R N "
W0 \\ \I\’D°+ h

= ,—.\ = \ - ‘ ’G(K—)

° . _ "\ - ‘g L} \
.o€(a),%;no\.% YN |

T E % et v\\‘@mﬁﬂr& ok y=0 wdhe >
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LOOKING FOR PATTERNS:

2. Determine the derivatives of the following, from first principles.

1. flx)=x"
@ £ h)= &:: (W

— 0

A
~ ( A
L )‘y"w"’k«%ﬂ\l}c‘id\"&\\“ £ (1) L \PL G

R ~
o | &EW) x=
o W2 L— )
3 ~ 3 =~§vw\ = — (11*2"(1"'&1‘)
c/QLV:;\D%“c .ny.”[\ +1xW < h ) Vo 21* (oth Y I
% = Nom 73/__ 3}/_ ’le—LL
= Uy W20 k)
= /OVW‘ (—ZX’A) --—ZK
hao ZL(Z (9(—#14)2% Arat
=z
» :
1
t3. feo=3¥x x @ (x}:i+}x
(ol -
o »\’

2w Yy

thon W= xth ol

0 hdo

uo Y
-FL(':L\ =l W -

I~
£ ((1)-, R}i:o —1{’-‘,\)-'(% ©xh £SW - “ —}d‘ljy;

= Qe \\/31 — 4 (k) *quk-ti){"}

Voo ’1(_’1*!/\)

Wz (w "') ‘JLM K - ih =
= Rom %ﬂ W0 (M) ‘y(

O (W T IR~ ~Rn = L loxeSh
b l | Vo afaen)

WREL (2 3RV £ {x)—— “M 4 ox

1%

=\

(64 Q) <
S E )

3y 3T
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3. What is the pattern that you notice, describe it in words.

/UL C&@\'tieﬂ{' \$ mu)blffifd @7 4)({;0»&\5[’
ind  sublact ont from e txpored

< .3
-y 7 2 "\ == = = =
~&L L & 3 T s ¢
4. Use the pattern to predl/athe dy)ﬁatwes of Power Rule
Flx)= =6t — x _F o n
1% |t
Se £ n-|
1)=5% U tb +2=,
X —841x 4o ( -
-glj—git.-';?i\f;“ini exampl,satﬁdstiit:g;g]%?rtael}gﬁi:fnlér::g:? what variable you're taking the
a]xl annt
5. f=
a) %:aa:bx b) %:O c) %:BQLIL
rd v o S
wW.l.t e
B =x p=t +2¢
2
& & - @ =0 =3+
9w T W " O 9 & Y
@
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Derivatives of Polynomials

Name:

uDe\relop!Prove some short cut RULES instead of doing 1% principles all the time.

Constant Rule FPower Rule : | \
0 = o ™ )= l l7> .| "
Hhen f([l)z dt =0 Tren -F\(x] 4& et W e Y e (W)
= =Nnx
(S d | 4 o--
: =
‘Q‘(-x—): I & — < £)= e (zdhy — 20
k= he TS ) k .
> fom o -(»“(1)—,{:) tnth v #zk}\ AR -—/
ot " -,Q_h‘ (V\ih—. -E‘hl-iwil\-(- e kL Lg ..
=0, A»:B Lo / 7
=n" £ 0 « o
=0
Constant Multiple Rule Sumé&Difference Rule
s ‘F(L): Ka(}) 7€ _‘j(_*_\: 3(1') _5“(1)
Then 'F\(l—')= Kgl{b) The,o 'F(('l): 3((1,) + "‘[1_)
£ : ( [
£ ('.L) ”%’So Kﬁ(i’f"\)‘: kj(") £ (‘-L) —:,Q\::Bo £laeh) ; +(x) ( \
_ . o = 9l +1&@
ke Au glaen) =9) %\\_’,‘o bh“\*“(‘ ?} &
L\,\—’;/b—l =0 ,3(1{.1,\\ —3(1,) £ k([ltk\'\ﬂy
¢ ho I~ he
Lo =D, N6
Loyo 6(1%\‘;3('0 " %\V:‘; H(ifk?\ )
- (()((1) " H([L)
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1. Differentiate each function. Simplify to create an expanded polynomial first.
s b g3 ] 9
a. y=5x—4x +6 b, flx)=-3r +8Jx—>
X

@ 5 Lo
'zd%\'r- 30 5 2 F(’()t-?)xb*gx‘ﬁ_qx'l 2 2 ~
Az X2 =\ 2x l
Fle-de - iy A £y
ds( = =9 +i_\.’4_
X  x*
|
= — + § ] S
¢ gici_éleS)(x 1) ) *‘f(x)=_8x47+58x: 9,6,8,2) (T )
T A Ba g s Ay a0y
2 Axtoac -3 hayz- 6
Q9 2hix~| )-—’—-u—"g—
x*
2. Determine the equation of the tangent te the curve f{x)=4x" +3x* =5 at x=-1
&
Y omy 4 ), €1 S VPSRN 1C(—(\ :q(~l)?43<_,>2_5_
~b f(a(-( ] LN :lztﬂza C(-1) o I G e

ob

oy by q—\_,_/

3. Determine the point(s) on the graph of ¥ =x~ (x + 3) where the slope of the tangent is 24.

@ y-

U7 a0 3 I =P Cuey 9=2)% (2+3)
- =1 -

Y= 33+ L C ‘ 20

ol yal?)
24—370 46 @
= 3octa (-2 ,

9 =30 425, -9) .o Gule) 2 (2,20

O = 3(o4uU) (-2 5

9£=-l4/1_
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Product Rule

Name:

1. Show that the product rule is not just the derivatives of the two factors multiplied.

B w0 (ae WY(x-W) = 30 —ox - % ' s ‘mdua‘ cule
N \'T" W'z 3(u) + 1(t2)
| ) %1) L\1:é’1'/0 :‘61_,[0‘/
;? 7J”“"*;,’a/ﬂr:a*:solp Aactvatives Sepredely
2. Develop/Prove the product rule. Product Rule
= ( / / /
At W) 1%\)3 “) G:g)) —,153 t+9 £
W) =hon Hach) = HE)
R J (fa) =[2¢)a . [d
’HDB )3 +(9-9 @
< B £lach)qlaeh) = Fa)gl) R e
R h
e Flbgon) = £l)glteh) + £1) gbxen) —Fa)gl)
o h
- & th) ~ ()
b e PO i e 2t
: {32 ) B DR N Sy FM}
V‘V\—J\/\/L/ oo o N

- -~
o D+ fo 9

3. Differentiate

aF (x*+1)(1-x) (F +4x —Bx+D(—3x" +9x-2)

-F.C
£ (,f—“)%{l*ﬂ) * h—'k)j);('ﬂp) *V\" (13&\{11—@1*\)5)1[__519_{_(‘1,7’) +

'p‘_' ({l{)x_\ ) + (lri)(li) (,?311(_019(—2)32(13{_\111_(,9(.H)

£ (et ) butg ) ¢ (24 an-2) 3% h~C)

10
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[

4. Develop the power of a function rule by looking at the pattern from these two guestions

a fl)=g'() =9 b f(x)=g'(x)

_F‘: | ' “3‘3%
93+ 91 A

193 g lagg )+ (")

aye Ag.rnl 6‘3
) B
Power of a Function Rule

S'_E:\Sc'i'af case quhlm'n Rule N ’[ | - 9_3 j —~ 3 3
‘F(‘l)f— 3 (’*’) : ‘F/I,)'; n(j [l)a 2 = 387. 3l

573 B f g”@)
o /03 g

5. Differentiate \

- 2 (4x* =257 + x —10)° .b 0 J6-52 _ (6-5% “3’;,
'\(L .
_“:g(q 2y +')\-'L°) (HJ- "19H") -F' A‘l J.(G—g‘iz) ( “(§ )

*pw*‘** cones down dexiv. —Sa®

| n frm ortd d> =
%QB:}R ij:i\m same! {rj\sf J6-57*

6. Differentiate

C_F (x4 5= -3 L,( 311'7._‘, \‘('2\)

o (sPese)ale-?) J(20) + (=3) (3; tY) o
g )« LI g

¥

11
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Name:
Quotient Rule
1[.J Develop/Prove the guotient rule by lw:ﬁL”:ﬂg QuotfentRufe
- R
-t 3x LGJ
K=flag sy V4 f :
kl: 'z‘:_\:l {:, C;:"“{\‘;’: A(_'_F)- 3j'i\c — ‘P'ﬁ%
3 d "9 x g% i\ (jl
ok

@
(Rl el
(17« “*
q = SR gl viss
s

1)‘ =~ — 27 £ S22 424
(a2 )
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Beirsy
fowre B350 T e sune)
¢ it S e
Leace 0 N-’jm‘
r+3 1>

b, p(x)= =

r'(x):zoqﬁ = (11—&’1 (l\ - (if?;l}(iz' ) IM*D

)
o S\h&h@mmbn Pe
howsk powtc o

—_——

- dlen) - atan |

L@*‘ )Vz (\J?Mh i )
collés /Ql(u“[&rm
(Z expad o “d-o’-l’.‘,#(‘/w;

R B -T2

ol
&

?: -3 -
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3. Determine the equation of the tangent to the curve y = xj‘ =3 at x=2
-x
I GO s dope & -2
(&) ryi(2)= -5 @3 _ /43 _ -
L o
J* —Arr4 0L 21 -> ¢
e =
2
(s\'i:) 5/,‘ m’l—k_¥ waad s_m d&‘*‘
(W=g= - at -3 . Y2)=23 =L
)= at¢ (O :5\_.\ a.k"’r\'af
—'l}"—}) - L3
T
fgelig 23 st gt Roe
i 30000 + 62 . 1 1 L
4. Suppose the function V(r):m represents the value, in dollars, of a new car { years after it is purchased.

G}

a. What is the rate of change of the value of the car at 2years? Syears? Tyears?

b. What is the initial value of the car?

¢. Explain how the values in a. can be used to support an argument in favour of purchasing a used car, rather
than a new one.

@ VW=(icont)e] - €°:°° )(ow) &) .\.\mxﬂa to
(o) aslong  for V()

Aot \f‘(e) Q/dm ,g car

ot glope frate o) chorga)

= b £t — 2000 — ant

Q_(-o .lhl:)L

-~ —1999Y N(o)= "go 000 i P
G-&o\bl’c)" Tﬂg"'l;d vadme 8 #e
V(2)= —C\roas £/ye © New Mﬂ“ ~
Vi(s) = — 2281.S6 #[ye Y /‘:‘9\ »j“*
\ _ * Yl
V' (3) 384,63 # [yr = ) e Mok
13
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3 not \Sqem\ea’
Implicig)leferentlatlon o0 s \s&m‘k&

) A4
Up to now, we have workeé@éohing an equation for one variable in terms of another. For example, if vou were asked to

ﬁ.nd ‘3 ~ ,.\;"l - 9\‘1 and then take the derivative.

Socmetimes it s inconvenient or difficult to solve for v, In this case, we use implicit differentiation. You azsume ¥ could be solved in

terms of x and treat it as a function in terms of x. Thus, you must apply the ( L\‘LEV\J rule because you are assuming v iz

defined in terms of x.

Eecall differentiating with respect to x:

3/2,
N X -4 [@»j . % ()
< 3 L o 24, 2 Q 3
variables agree v anablg: dp; 3\3 gi ;_3-(1 ‘HB -
1. Find derivative both ways for 2x* + y*=4 M‘f Gk \\\\\“OLL

E‘x‘ﬂid , gt Rse. W“‘?Qd
11"‘ Rl{r
sowe foe g, e fhan fabe dadvelie. t& _
“aym b

axge M (omas ‘,me

lbLJr &§

o w AN\‘ celee for dl

23317’1‘(1
ch;ﬂ__

( e
Jg= 2
J

e AN

14
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B I S IV S s T
, B oR e e e @)

Fmd the indicated derivative of the following expressions, these questions are unusual with different variables. The reason
-3 klng you to try them is/so that you get the hang of how Leibniz notatlon works Wlth |mp|||:|t dlﬁeremlatl{m

B s s6n+ 7 where a{k) P gy -2y (20 fe'5))-9=0 where y(2)
( — 4 \
i.  Take the derivative i Consides [T \ Take the derivative g Cav\si‘ah— tsa®
da

-120 40 4 dab = Df[+[)j _ab At -6020

etheden\ran\re E A\‘?\, °‘*N:Pk :J]
dot" *3 f()\] y -2y ~3y +t“.15(~, Jtyt%o 0

'yl = xy+ 200 =0 where x(1) Take the
derivative with respectto y.

. 2y - 2 A% 3y*
§a“’+%3w+a¢x+m Lo gty sy X0 ¢ 22 dayeo
gav\ ;2 “‘37‘7“13% Lot 200 =0

%

3. Now try these questions which are more like what you'd see on a teSTor at university.

Jor o hes 5 ?"S‘ﬂii.”é it

Take the derivative i Consy 0‘3
2 0 ‘(: ow. do LIGVA o
—120*a +b ¢dna'h+g27 4

E 3 +307 0 452" =12 where v(x) Take the d.
derivative with respect to x.

\/2_

a. Find%fram x3+1 =bxu lthep0|nt(3 3) b. Findﬂfrom x+y=l+x:y2
) Uy 43 *5‘1 Gw +46 A(HQ‘”E‘ q'LowQaD'q”“&x
3y _@i%zl - e:, ~ W Sl *’\g )y = datyy! < dxg
i\i(gjm__ >;Gj 357 . , 7&\3) 3 9‘113:3‘ D"Z‘J =_ L 1{3)”
Joda L G ) B - g -2
O Find %from X \+ y? \7—4 at the point OFlnd —froml Hx+9)=v(3x—y) 1*3) —1)"3
(-3,3.1) x> -&‘1 = dau*
' p; Y =0 .j 3 a
. a —i_\(,) 5S¢ + {2’y ilJ 3y +?>7~a33 BZJJ
J = .
. 2, - S -4
% N GRE R) ale J

D
L2 —é\" oc -s"l Y= w
(J i\{; ot ,_‘«y,z) —baYy

gt
[P I | ST R
poans W) 56

= L
x=-38 33 I
g2
<

15
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g} : ylt)

3 ;
4. Suppeose that the equation £+ 2 = x defines a function f with }}_@ Find % and the slope of the tangent line
x ¥y

9\1 fBJ K
ﬁﬂ%%

at the peint (2, 3). (shew-beth-methads)

'S s BN 5‘)1&,7.
de.
~2 - \
Eady oy
3 o+
UL

SO A I BT SR SV S I

2
Lr  —3 - =S
‘Z e .
3 y=3 3 ( 3) %
L4
5. At a certain factory, approximately ¢(#) = # —— units are manufacturad during the first t hours of a production run,

Ve
N . o 20 . .
and it is estimated that the total cost of producing g units is C{g) =300g + 0.2\E+ — dollars. Find the rate at wich
q

the cost is changing \with respect to time ) hours after production commencas.

swmee. has % ML o - B{l_lzl ‘[3/7'
e b0 i ¢ I )

rtcc.v.rol ‘B i@ - %t + 'tzl?’

A<= “Ydq — 20¢ 4 Ch| Ll s
£ m4+m%4 o, 4 MMB>QW :

RN R

by

=05

SRS n i chengog o e
(Nremsrr-g)
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Name:
Chain Rule for Composed Functions Tha W\MQO\ \DQ‘%’L{S Q\”‘S\—% Wf?;‘qust:\g
1. Prime notation 2. Leibniz notation 3. Composition of functions notation ‘
T8 o 9@

4.

¥ o & cale) = £(f0)
S Foqlo) = £l

For #{x)=4x" —3x and p(x) =mf3_f
the next page is what your test will be like.)
E a.

(Again these examples use different variables to get the concept across
Find p(u)

b. Find ;

d. Find fx—u =\¢‘[¢7) e Find 2 using answer in L
o _ _ . -l
:—;L W ¥ P P‘[ﬂ:é:(}fl ’32,) L(?:('S)
. \’gg—’ "
A £ dx
f.  What do you notice? u Chain Ruie
T dacviiive %} Y ' M _ 4 dg
EF ] - Tt - et
daqv.d)  pud)
ouR oL \r\&ia‘-b
U(m_g, inside sant) L=
b. Find &{gixii = \
ALeSx
c. Find y=-P = —_l;'
’ e
e. Find —ma using answer in b. f. Find ib using the Chain Rule from answer in a.
-2
== (12’1;?1_) (5911{ y) A db %ﬁ
Ax dr x 17
= -\ (er) “ﬁ{}’i wd
P sk o p= By
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18 |Unit &6 12CV Date: Name:

7. fa=5b2- .tr)andb—l
2b-b> ¢

da
detarmine — at c=2

B. If y=—u and =427 - 27 &

m determine i at x=0
dx

by dy.du i
Tz,:ﬁ dw Aq _ da db
'.’\b;\c, pxz’(,m) I Tp 4o
2

e L (T (o6
A =4 (\ZC") da 3 «5(3,
x=0 2
w=1 Cle=2
\":’\7,
-3\ -1
-0 - 2 2 «)
_ s
AT
=Y
3. If y=5j; and u=142x+x° 9. I y=uyl-u and u=3x—x"
determine@alle determineﬁatxz—l —3
dx
dy _ éﬁ du Ay dn 4w
—cﬁ, & ’bi: du  dot

. L Q‘l '51) :E* 0 (l_“g“L(-\)> t \(l~u)w?'l' (3'21)

o S (o)
) ’(S:YIH ’ E:’w e
14 4 dy
—&;/\X___‘ :(l *6>(H2)
w=-Y \r§'
= 35 fs* - B2 Hs
w6 ©

18
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- {‘((1); /g'ﬂq’\'\s
Flx)= —¢* +15x, Find B(=2) iF h(x)= flg(x)),

g(-2)=3, and g'(-2)=-6
W) -F ot )

P‘(%): LS

11.
If Fix)
g(5)

B

Name:

= f(g(x)), where f(—2) = 8, f'(=2) = 4, f'(5) = 3,

2, and g'(5) = 6, find F'(5).

£ lx\- (g5 ‘1)
F)=£(s1)g! (5)

(-2 (e)
= Y(e)

E}i(f;irne;;ltate these complex functions using several rules, Then practice simplifying by pulling out a factor with the lowest
o 1+ 136 -y @aes = o
. [estepatend B 57 oioan)s e 1 C-23)
J ;;zb (21 _1"')1—— t g - (‘1 ’31{> (3‘11) [5(21'3) 3~21) ’?((Xl’h)&
-3 (wr) \W} ETE 2
() = () - :L(x-s) (3 —uﬁ [ G(Gi—‘{'f—1+€1> -84 +Z“1B
= () L -x/ﬂﬂﬂiﬂj = 1Y (3 WP aen gwn -t - )
flaf | () = 1'(35) [3-4a) [ 28 €81
SE(ey )@
S’(L"x)? m
* i S\:‘*g::—'\a @AN .‘:;\""‘
\,j\\\ \;_S\Y% AC
fade e p D

14. Why it's called the chain rule example:

Al ]

-= GL(U 3y —§>+(o~&( U’u ) -s ﬂo
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